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Abstract. Wc study the virtual geometry of the moduh spaces 
of curves and sheaves on K3 surfaces in primitive classes. Equiv- 
alences relating the reduced Gromov-Witten invariants of sur- 
faces to characteristic numbers of stable pairs moduli spaces are 
proven. As a consequence, we prove the Katz-Klemm-Vafa con- 
jecture evaluating Xg integrals (in all genera) in terms of explicit 
modular forms. Indeed, all A'3 invariants in primitive classes are 
shown to be governed by modular forms. 

The method of proof is by degeneration to elliptically fibered ra- 
tional surfaces. New formulas relating reduced virtual classes on K3 
surfaces to standard virtual classes after degeneration are needed 
for both maps and sheaves. We also prove a Gromov-Witten/Pairs 
correspondence for toric 3-folds. 

Our approach uses a result of Kiem and Li to produce reduced 
classes. In Appendix [Aj we answer a number of questions about 
the relationship between the Kiem-Li approach, traditional virtual 
cycles, and symmetric obstruction theories. 

The interplay between the boundary geometry of the moduli 
spaces of curves, K3 surfaces, and modular forms is explored in 
Appendix [B] by A. Pixton. 
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Introduction 

0.1. Stable maps and reduced classes. Let S he a complex algebraic 
K3 surface, and let /3 G H2{S, Z) be a nonzero effective curve class. The 
moduli space Mg{S,f3) of stable maps from connected genus g curves 
to S representing /3 has expected dimension 

dim^'^(M,(5,/3))= / c,{S) + il-g){dimc{S)-3)=g-l. 

However, via the holomorphic symplectic form on S*, the standard ob- 
struction theory for Mg{S, (3) admits a trivial quotient. As a result, 

[M,(^,/3)r = 0. 

The vanishing reflects the deformation invariance of Gromov-Witten 
theory: S admits deformations for which /3 is not of type (1,1) and thus 
not represented by holomorphic curves. 

A reduced obstruction theory, obtained by removing the trivial factor, 
yields a reduced virtual clasqj 

[Mg{S,P)Y^^eAg(Mg{S,P),Q) 

of dimension g. A rich Gromov-Witten theory is obtained by integrating 
codimension g tautological classes on Mg{S,(3) against [Mg{S, f3)Y'^'^. 
Such integrals are invariant with respect to deformations of 5* for which 
the class /3 remains of type (1, 1). 

The class /3 G H2{S,Z) is primitive if (3 is not divisible]^ While 
the reduced Gromov-Witten theory of S is defined for all /3, here we 
primarily study the primitive case. 

0.2. Hodge classes. The rank g Hodge bundle, 

E^M,(^,/3), 

with fiber H^iCiOc) over the point [f : C ^ S] e Mg{S,P), is well 
defined for all g. The Hodge bundle is pulled back from the moduli 
space of curves 

when g is at least 2. The top Chern class of E is the most beautiful 
and well-behaved integrand in the reduced theory of S. Define 

(1) Ro,P= f (-!)%• 

>/[M9(5,/3)]-d 

^ See [6l [36] for foundational discussions. 
^Primitive implies nonzero. 
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Let X be a polarized Calabi-Yau 3-fold which admits a i^3-fibration, 

Such a fibration determines a map of the base to the moduli space of 
polarized K3 surfaces. The integrals Rg^p precisely relate the Gromov- 
Witten invariants of X to the intersection numbers of with Noether- 
Lefschetz divisors in the moduli of K3 surfaces [36] . 

0.3. Katz-Klemm-Vafa conjecture. Let /3 G H2{S, Z) be a primitive 
effective curve class. The Gromov-Witten partition functioiil for f3 is 

oo 
3=0 

The BPS counts r^^^ are uniquely defined by 




By deformation invarianc^, both Rg^js and rg^p depend only upon the 
norm {/3,/3). We write Rg^h and Vg^^ for Rgj^ and r^^^ respectively when 

The evaluation of Vg^h in terms of modular forms was conjectured by 
S. Katz, A. Klemm, and C. Vafa ^7\. The Fourier expansion of the 
discriminant modular form is 

oo 

A{q) = qllil - . 

n=l 

Define the series 

oo 
n=l 

where A(l, g) = A(g). Our first result is the proof of the Katz-Klemm- 
Vafa conjecture. 

Theorem 1. The invariants Vgh for primitive curve classes are deter- 
mined by 

oo oo y \ 2g 

"'The partition function only contains connected contributions. The reduced class 
suppresses contributions from stable maps with disconnected domains. 

^ The moduli space of quasi-polarized surfaces with /3) = 2/i — 2 is con- 
nected (and, in fact, is a ball quotient), see [9]. 
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By Theorem [U the invariants Vg^h are integers. The formula may also 
be directly written for the integrals Rg,h- For n > 1, let be the 
Eisenstein series 

, , An ^^"-"^0*^ 

52n ^ 1 - 

where is the corresponding Bernoulli number. 
Corollary 2. For primitive curve classes, 

oo oo _ / oo I „ I \ 

Theorem 1 specializes in genus to the rational curve counts on K2) 
surfaces predicted by S.-T. Yau and E. Zaslow [52]. The Yau-Zaslow 
formula was proven for primitive classes in [U |6]. 

Of course, the integrals Rg^p may also be considered in the non- 
primitive case. A complete conjecture is explained in [361 EH] based 
on [17]. While the genus integrals i?o,/3 have been calculated for all 
classes /3 in [21], new methods appear to be required in higher genus. 

0.4. Descendents. Let /3 G H2{S,'L) be a primitive effective curve 
class. The moduli space of stable maps from connected genus g curves 
with r ordered marked points Mg^r{S, (3) comes with r evaluation maps 

eVi:Mg,riS,P)^S. 

Pulling back cohomology classes on S via evj gives primary classes on 
Mg,r{S, P). Descendent classes are obtained from the Chern classes of 
the cotangent lines 

at the marked points. 

Let 7i, . . . , 7r e H*{S, Z), and let 

^lj, = c,{Li)eH\Mg^r{S,P)M)- 

The insertion rfc(7) corresponds to the class ip^ U ev*(7) on the moduli 
space of maps. Let 

(2) UAli)---ruAlr)y = [_ n^f'Uev*(7.) 

denote the reduced descendent Gromov-Witten invariants. By conven- 
tion, the descendent vanishes if the degree of the integrand does not 
match the dimension g + r of the reduced virtual class. 
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If only descendents of classes in H^{S, Z) and H'^{S, Z) appear in ([2]), 
the bracket for primitive /5 depends only upon the norm 

{/3,f3) = 2h-2 

by deformation invariance. Since the classes in if^(S', Z) are not mon- 
odromy invariant, the bracket ([2]) may depend upon /3 if descendents of 
H'^{S, Z) are present. When possible, we will replace the subscript /3 of 
the descendent bracket by h. 

0.5. Point insertions. The evaluation of Theorem [1] extends naturally 
to the integrals 

k 

{i-iy-'\-kToip)')\ = [_ (-l)^-'A,„,nev*(p) , 

where Aj is the i*'* Chern class of the Hodge bundle E and p G H'^{S, Z) 
is the point class. 

Theorem 3. For primitive classes on K3 surfaces, we have 

oo oo g 

EE v^^o(p)'=) u^'-y-' = 

g=0 h=0 ^' 




oo j_ 

■(E''"'E7(2-"(*/2))0 • 

m=l d\m 

The last factor is related to the point insertions. In the k = case, 
when no points are inserted. Theorem [3] specializes to Theorem [T] by 
Corollary |2l 

0.6. Quasimodular forms. The ring of quasimodular forms with pos- 
sible poles at g = is the algebra generated by the Eisenstein series E2 
over the ring of SL(2,Z) modular forms with possible poles at g = 0. 
The ring of quasimodular forms is closed under g^. See [5] for a basic 
treatment. 

By deformation invariance, the full descendent theory of algebraic 
K?) surfaces is captured by elliptically fibered K?) surfaces. Let S be an 
elliptically fibered surface with section. Let 

s,f G H2{S, Z) 
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denote the section and fiber classes. A descendent potential function 
for the reduced theory of K?) surfaces in primitive classes is defined by 

for > 0. For arbitrary insertions, we prove the following result. 

Theorem 4. F^(rfc^(7i) ■ ■ ■rfc^(7r)) is the Fourier expansion in q of a 
quasimodular form with pole at q = of order at most 1 . 

The simplest of the K3 series is the count of genus g curves passing 
through g points, 

first calculateci^ by J. Bryan and C. Leung [6]. Formula (|3]) is also a 
specialization of Theorem 3. 

In the non-primitive case, we conjecture the genus g reduced descen- 
dent potential to be a quasimodular form of higher level. A precise 
statement is made in Section 17.51 

0.7. Stable pairs on K3 surfaces. We will relate the reduced Gromov- 
Witten invariants of K3 surfaces to integrals over the moduli spaces of 
sheaves on K3 surfaces. 

Let S* be a K3 surface. A pair (F, s) consists of a sheaf F on 
supported in dimension 1 together with a section s G H'^IS, F). A pair 
{F, s) is stable if 

(i) the sheaf F is pure, 

(ii) the section Os — > F has 0-dimensional cokernel. 

Purity here simply means every nonzero subsheaf of F has support of 
dimension 1. As a consequence, the scheme theoretic support C C 5 of 
-F is a curve. The discrete invariants of a stable pair are the holomorphic 
Euler characteristic x{F) G Z and the clas^ [F] G H2{S,Z). 

Let f3 G H2{S,Z) be a nonzero effective curve class. Let Pn{S,f3) be 
the moduli space of stable pairs satisfying 

x{F)=n, [F] = f3. 

^Our indexing conventions differ slightly from those adopted in [B]. 
^[F] is the sum of the classes of the irreducible 1-dimensional curves on which 
F is supported weighted by the generic length of F on the curve. Equivalently, 

[F]=ciiF). 
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After appropriate choices [16], pair stability coincides with stabihty aris- 
ing from geometric invariant theory in Le Potier's study [22]. Hence, 
the moduh space P„(S', (3) is a projective scheme. 

The class /3 is irreducible if /3 is not a sum of two nonzero effective 
curve classes^ A basic result proven in [T8l HH] is the following. 

Proposition 5. If P is irreducible, PniS, f3) is nonsingular of dimension 
n+ + 1. 

When studying stable pairs, we will often assume /3 is irreducible. In 
the irreducible case, Pn{S,f3) depends, up to deformation equivalence, 
only upon the norm of /3. We will use the notation Pn{S,h) when 
{P,P)=2h-2. 

0.8. Euler characteristic. Let /3 G H2{S, Z) be an irreducible effective 
curve class with norm P) = 2h — 2. 

Let Qphe the cotangent bundle of the moduli space PniS, h). Define 
the partition function 

(2/) = E / c„+2h-i(^^p) 2/" 

„ JPn{S,h) 

= Y.{-ir^''^'e{Pn{S,h))y-. 

n 

Here, e denotes the topological Euler characteristic. We have written the 
stable pairs partition function in the variable y instead of the traditional 
q since the latter will be reserved for the Fourier expansions of modular 
forms@ Since Pn{S, h) is empty if n < 1 — /i, we see is a Laurent 
series in y. 

The topological Euler characteristics of PniS, h) have been calculated 
by T. Kawai and K. Yoshioka. By Theorem 5.80 of [T8] . 

oo oo ^ -, \ — 2 ^ 

We require the signed Euler characteristics, 

oo oo oo 

h=0 h=0 n=l-h 

'^An irreducible class is primitive. By deforming S, every primitive curve class 
P € H2{S, Z) can be made irreducible. 

'^The conflicting uses of q seem impossible to avoid. The possibilities for confusion 
are great. 
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Therefore, ^^=0 



(y) ^ equals 



(4) 




A(-l/,g) ■ 



1 



0.9. Correspondence. To prove Theorem [H we formulate and prove a 
Gromov-Witten/Pairs correspondence in the setting of reduced classes. 

Let f3 G H2{S, Z) be an irreducible effective curve class. We write the 
Gromov-Witten partition function as 



Our Gromov-Witten/Pairs correspondence for the reduced theories of 



after the substitution — e*" = y. Together with the Euler characteristic 
calculation (jl]), the correspondence ([5]) immediately yields Theorem [1] 
To complete the proof of Theorem [1], we must establish the reduced 
Gromov-Witten/Pairs correspondence for S x C There are two main 
ideas in the argument: 

(i) Let R be the rational elliptic surface obtained by blowing-up 
the base locus of a pencil of cubics in P^. Let C -R be a 
nonsingular member of the pencil. Using special degenerations 
of elliptically fibered K3 surfaces S to unions of rational elliptic 
surfaces RUe R, we prove a new formula relating the reduced 
virtual classes of S" x C to the standard virtual classes of i? x C. 
We prove the formula separately for stable maps and stable pairs. 

(ii) Since R is isomorphic to blown-up at 9 points, i? x C is 
deformation equivalent to a toric 3-fold. We prove a Gromov- 
Witten/Pairs correspondence for toric 3-folds following [31] . 

Together (i) and (ii) yield the correspondence ([5]) and complete the proof 
of Theorem [H 

We have no direct approach to the integrals on Mg{S,/3). 
The moduli space of stable maps has contracted components and subtle 
virtual contributions. The nonsingularity of the corresponding moduli 

^The standard Gromov-Witten/Pairs conjecture of [15] applies to virtual classes 
for 3- fold theories. Our analogue is for reduced classes (in a C*-equivariant context). 
The C*-equivariant theories of S" x C are equivalent to the theories of S. 




the 3-fold S xC impliej§ 



(5) 



(-) = zr(y) 
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spaces of stable pairs is remarkable. Theorem [T] provides a model use 
of the Gromov-Witten/Pairs correspondence. 

Part (i) constitutes the technical heart of the paper. The primitivity 
of /3 G H2{S,'Z) is crucial. In Section we state a degeneration for- 
mula in the non-primitive case which leads to much more subtle invari- 
ants of R. Unfortunately, the toric correspondence (ii) is not sufficient 
to conclude a Gromov-Witten/Pairs correspondence for non-primitive 
classes /3 G H2{S,'Z). The non-primitive degeneration formula will be 
pursued in a sequel [37] . 

0.10. Point insertions for stable pairs. Let (3 G H2{S,Z) be an 
irreducible effective curve class of norm {/3, /3) = 2h — 2. 
The linear system of curves of class /3 is /i-dimensional. Let 

(6) p:Pr,{S,h)^F'^ 

be the canonical morphism obtained by sending {F, s) to the support of 
F. A point incidence condition for stable pairs corresponds to the p pull- 
back of a hyperplane H G W'^. The integral for stable pairs associated 
to k point conditions is defined by 

C,.= / C„,+2M(fip)Up*(i/^). 

JPn{S,h) 

By Bertini, the subvariety 

p!:{S, h) = p-\H,) n . . . n p-\Hk) c Pn{S, h) 

is nonsingular of dimension n + 2h — 1 — k ioi generic hyperplanes. 
Using Gauss-Bonnet, the Euler characteristics of the spaces P^{S,h) 
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are expressible in terms of the integrals ^ by the formula 

n+2/i— l—fc / ' \ h 1 \ 

In fact, equation ([7]) may be easily inverted to express in terms of 
the Euler characteristics. 

Theorem 6. The point conditions for irreducible classes on K?) surfaces 
are evaluated by 

oo 
n h=0 

Point conditions in the reduced Gromov-Witten theory of S are eval- 
uated by Theorem [31 We derive Theorem [3] from Theorem [1] using 
degeneration and exact Gromov-Witten calculations for Hodge inte- 
grals. Theorem [3] then implies Theorem E] by the equivariant Gromov- 
Witten/Pairs correspondence for S x C 

We do not know a direct approach along the lines of [18] for deter- 
mining the integrals C^f^ or the Euler characteristics of P^iS, h). 

0.11. Plan of the paper. We start, in Section [H with a precise state- 
ment of the Gromov-Witten/Pairs correspondence for the reduced the- 
ory of S* X C with primary insertions, leaving many of the proofs for 
later Sections. Elliptically fibered K3 surfaces are reviewed in Section 
121 The degeneration formulas in terms of the standard virtual classes 
of the rational elliptic surface are proven in Section |3l for stable pairs 
and in Section HI for Gromov-Witten theory. We give full details for sta- 
ble pairs and a briefer account for the more standard Gromov-Witten 
theory. 

The Gromov-Witten/Pairs correspondence for toric 3- folds is estab- 
lished in Section [5l completing the proof of Theorem [H Theorems [31 and 
[HI are proven in Section [HI The quasimodularity of Theorem [His obtained 
in Section [71 from a boundary induction in the tautological ring of the 
moduli space of curves using the strong form of Getzler-Ionel vanishing 
proven in [T3] . 
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Our approach uses a result of Kiem-Li [19] to construct reduced 
classed . In Appendix \^ we compare the Kiem-Li method to stan- 
dard virtual cycle techniques. The inquiry leads naturally to a coun- 
terexample to a question of Behrend and Fantechi concerning symmetric 
obstruction theories that is explained in Section IA.5I 

In Appendix [HI by A. Pixton |19], the interplay between Theorem 1 
and boundary expressions for in low genus are explored. 
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1. Reduced Gromov-Witten/Pairs correspondence 

1.1. Stable maps. Let S* be a complex projective K3 surface, and 
let (3 G H-i^S.lj) be a primitive effective curve class. Consider the 
noncompact Calabi-Yau 3-fold 

X = SxC 

equipped with the C*-action defined by scaling the second factor. Let 

denote the inclusion given by the identification S = S x {0}. 

Let Mg{X, Lt:(3) be the moduli space of connected genus g stable maps 
to X representing the class L^^p. Since X is a Calabi-Yau 3-fold, the mod- 
uli space has expected dimension with respect to the standard obstruc- 
tion theory. Since S has a holomorphic symplectic form, Mg{X, i^,/3) 
admits a reduced obstruction theory and reduced virtual class, 

[Mg{X, L,{3)Y'"' e Ai(Mg{X, 6,/3), Q) . 

10a 

more detailed account of the deformation theory in |19] has appeared very 
recently pO] , 
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The construction of the reduced theory exactly follows Section 2.2 of 
[36] . Although Mg{X, l^^P) is not compact, the C*-fixed locus 

is compact, so we can consider the reduced residue invariant^ 

Ng^p = [_ 1 e Q{t) . 

Here, t is the first Chern class of the standard representation of C* and 
the generator of H^*[»), the C*-equivariant cohomology of a point. The 
relationship between the residue invariants of 5 x C and the invariants 
([T]) of 5* is the following. 

Lemma 7. Ng^p = jRg^p. 

Proof. The result is a direct consequence of the virtual localization for- 
mula of [E 



[M,(x,../3)c*]-d e(Nor"'^) 

- Ait^"^ + Aat^"' - . . . + i-iy\g 

The first equality is by localization. The denominator on the right is 
the equivariant Euler class of the virtual normal bundle. Over a stable 
map [/: C — )■ 5], the virtual normal bundle has fiber 

H\CJ*N)-H\C,rN) , 

where N is the normal bundle to S in X. Since N = t, we have 

Nor"^ = t - (g) t , 

from which the above formula follows. □ 

If /3 is irreducible, then Mg{X, = Mg{S, /3) x C and the reduced 

virtual class is pulled back from the projection to the first factor. In the 
irreducible case, Lemma[7]is immediate. An alternative proof of Lemma 
[7| for primitive /3 is obtained by deforming to the irreducible case. 



^^See [7] for a discussion of residue Gromov-Witten theories. 
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1.2. Stable pairs. Let P„(X, the moduli space of stable pairs 
{F,s) onX = S xC with 

x{F) = n, [F]=/3. 

We will construct in Section [3731 a reduced virtual class in dimension 1, 

Again, we consider the reduced residue invariants 

J[P„(X,i./3)]-d 

By deformation invariance of the reduced theory, the invariant P„^/3 
can be computed when /3 is irreducible^ By standard argument£^ 

P„(X,.,/3) = P„(S,/3)xC 

in the irreducible case. By Proposition |5l P„(X, is nonsingular 
of dimension n + {(3,(3) + 2. The obstruction bundle of the standard 
deformation theory [IHl HE] of Pn{X, has fiber 

Ext'(P, /•)o = Ext^(P, /• KxYo 

over the moduli point of the pair 

/• = {Ox ^ F} . 

Here, Kx is the canonical bundle and the isomorphism is by Serre dual- 
ity. Since Ext"'^(/*, /•)o is the tangent space to Pn(5', (3) x C, the moduli 
of stable pairs on X, and Kx is trivial with the standard representation, 
the obstruction bundle is 

(^P„(5,/3) ®-t)®t = {Qp ® t) © C. 

The reduced class is obtained by removing the trivial factor C, as we 
show in Section 13.41 

Lemma 8. P^^^ = i(-l)"+<^'/^)+ie(P„(5, /?)). 



A primitive (1, l)-class /3 on a K3 surface S can always be deformed through 
curve classes to an irreducible (1, l)-class on another K3 surface S". 

^•^The only subtlety is to show the deformations of such pairs on X remain sup- 
ported scheme-theoretically on the fibers of the projection X — > C. The result 
follows from the tangent space analysis of Lemma C.7. of [48) . 
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Proof. We calculate the residue of the top Chern class of the reduced 
obstruction bundle, 

Pn,p = / e{np(g)t) 

JPr,{X,L,l3) 

The second equality comes from localisation. We have omitted all of 
the terms in e{Qp ® t) which do not contribute. □ 

1.3. Point insertions. For both theories of X, we can define reduced 
residue invariants with point insertions. For Gromov-Witten theory, 
defin^ 

where the evaluation maps are taken to 5* 

and p G H'^{S, Z) is the point class. 

For stable pairs, the product P„(X, l^P) x X is equipped with a uni- 
versal sheaf F. Define operations 

ro(p) : (P„(X,.,/3)) -> Af(P„(X, 

by the slant product 

ro(p)(«) = 7rp,(7r* (p) ■ ch2(F) n 7r|,(.)) , 

where Tip and tts are the projections of P„(X, x X to the first factor 
and to S (via the second factor) . Notice that ch2 (F) is the pull-back via 
the map p of ([6]) of the universal curve in S* x P''. Define the residue 
invariants 

\ / nfi Jp„{X,ul3) ^ ^ 

following Section 6.1 of j47j . 



We have dropped X from the bracket to simphfy the notation. 
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The calculations of Lemmas [7] and M immediately extend to yield the 
following formulas, 

^ ' 9,13 \ / 9,13 

Uip)''Y = t^-' [ Cn+2h-l-k{^p)y^P*{H^). 

1.4. Correspondence. The reduced Gromov-Witten/Pairs correspon- 
dence is stated in terms of the generating series 

Z,^^(ro(p)^«) = $:(ro(p)^) u-^-\ 

zJ(ro(p)^l/) = E(^o(p)'r y^- 

— \ ' 9,13 

n 

The stable pairs series is a Laurent function in y since Pn{X,L^P) is 
empty for sufficiently negative n. The above partition functions spe- 
cialize to the partition function and of Sections 10.81 and 10.91 
when A; = and t = 1. 

Theorem 9. For primitive /3 G H2{S,Z), 

(i) Z^ (ro(p)'^) is a rational function ofy. 

(ii) After the variable change — e*" = y, 

Z^^(ro(pn=Znro(p)'=). 

Theorem [9] is not a specialization of the Gromov-Witten/Pairs cor- 
respondence for 3- folds conjectured in [16]. The main difference is the 
occurrence of the reduced class. Since the reduced class suppresses 
contributions from stable maps with disconnected domains, the corre- 
spondence here may be viewed here as concerning only connected curves. 
Theorem [9] will be proven in Sections [2ll5l 

2. Elliptically fibered K3 surfaces 

2.1. Elliptic fibrations. We fix here some notation which will be used 
throughout the paper. Let S be an elliptically fibered K3 surface 

(8) it: S 

with a section. We assume tt is smooth except for 24 nodal rational 
fibers. Let 

s,feH2{S, Z) 
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denote the classes of the section and the elhptic fiber. The intersection 
pairings are 

(s,s) = -2, (s,f) = l, (f,f) = 0. 

By deformation invariance, the reduced Gromov-Witten and stable 
pairs theories for primitive effective classes depend only on the norm 
(3) = 2h — 2. By deformation invariance, we can fully capture the 
both theories for primitive classes on all algebraic K?) surfaces by study- 
ing 

I3 = s + M 
on elliptically fibered i^S surfaces 5*. 

2.2. Rational elliptic surface. A rational elliptic surface R is ob- 
tained by blowing-up the 9 points of the base locus of a generic pencil 
of cubics. The pencil determines a map 

with nonsingular elliptic fibers (except for 12 nodal rational fibers). Let 
D d Rhe one of the 9 sections of vr, and let C -R be a fixed elliptic 
fiber with distinguished point 

(9) p = EnD. 

Let i?i and R2 be two copies of a rational elliptic surface R. Let 
Di = D2, El = E2, and pi = p2 be identical choices of the auxiliary 
data. A reducible surface 

Ri Ue R2 

is obtained by attaching Ri and R2 along the respective fibers Ei (with 
the corresponding distinguished points Pi identified). The singular sur- 
face is elliptically fibered over a broken rational curve, 

(10) Ri Ue R2^'P^U¥K 

The fibration ffTOj) has a distinguished section DiU D2. 

2.3. Degeneration. The fibration ffTOj) is a degeneration of ([8]). More 
precisely, there exists a family of fibrations 

(11) S^C^B 

over a pointed curve {B, 0) with the following properties: 

(i) iS is a nonsingular 3-fold, and C is a nonsingular surface. 

(ii) 71 has a section. 

(iii) When specialized to nonzero ^ G 5, we obtain a nonsingular 
elliptically fibered K3 surface of the form ([8]). 
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(iv) When specialized to G 5, we obtain ( JTOj) . 

(v) The relative canonical bundle us/b is trivial. 

Denote by e the degenerating family of surfaces obtained from 
composing f|TT]) . 

e:S ^B. 

Since the section and fiber classes are globally defined by (ii), the sub- 
lattice of H'^{S^, Z) spanned by s and f is fixed by the monodromy of e 
around E B. 

The degenerating family ( ITTj) will play an essential role in our proof 
of Theorem [91 

3. Reduced stable pairs 

3.1. Definitions. Let 5" be a complex algebraic K3 surface, and let 
/3 G H2{S, Z) be an effective curve class. Let 

X = S xC. 

We include S" as the fiber over G C, 

l: S^X. 

Let Pn{X,L^f3) be the quasi-projective moduli space of stable pairs 
[F, s) on X with holomorphic Euler characteristic and class 

x{F) = n, [F]=L,f3eH,{X,Z). 

Strictly speaking, to construct Pn{X, l*{/3)), we apply Le Potier's results 
[22] to the projective 3-fold 

X = Sx¥^ 

to obtain a projective moduli space containing Pn{X,L^P) as an open 
subscheme. 

We can also consider stable pairs on families of K3 surfaces. Let 

e:S^B 

be a smootl]0 family of K3 surfaces, and let 

X = S xC^ B 

be the corresponding family of 3-folds. We consider 5 as a subvariety 
via the inclusion 

l: S X {0} ^ S X C = X. 
Let /3 be a section of the local system with fiber H2(S^, Z) over ^ G 5. 

^^We will later consider families degenerating to i?i i?2 as in Section [Ol 
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By making B smaller if necessary, we can choose a holomorphic 2- 
form which is symplectic on every fiber of 5 — ?> 5, 

(12) a e H\e,nl/^). 

In particular, ujx/b is trivial. By [22], there is a family of moduli spaces 

P -> S 

representing the functor taking i?-schemes A ^ B to the set of fiat 
families of stable pairs in the class on the fibers of 

In addition, there is a universal sheaf F on P A:', fiat over P, with a 
global section S, such that the restriction of 

(13) Ot^^.x a F 

to the fiber over any closed point (F, s) E V over ,^ G i? is the corre- 
sponding stable pair O^^ F. 

3.2. Standard obstruction theory. As in [16], given a stable pair 
(F, s) on X, we let J* G D^{X) denote the complex of sheaves 

/• = {Ox ^ F} 

in degrees and 1. When the section is onto, /* is quasi-isomorphic to 
the kernel J^c, the ideal sheaf of the Cohen-Macaulay curve C which is 
the scheme theoretical support of F. Similarly we let 

F = {Ov.,x F} 

denote the universal complex. 

From the perspective of [16] , the trace- free Ext groups, 

Ext\r,r)o and Ext2(J*,J*)o 

provide deformation and obstruction spaces for the stable pair {F,s). 
More generally, let L^^^ denote the derived dual of the truncated rela- 
tive cotangent complex of V, and consider the map 

(14) i?7rp,(i?^om(F,F)o)[l], 

given by the image of the relative Atiyah class of I* under the projection 

Exti(r,r® Vxs^^vb) ^ Exti(F,r®7r;Lp/B)o 

= Rom{n^]L)^/j^,RJ^fom{r,r)o[l]) 
= Hom(L^/5,i?7rp,i?^om(r,r)o[l]). 
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Here n-p and ir^^; are the projections from V Xb X to V and X respec- 
tively. 

Proposition 10. The map f[T^ is a perfect theory for the morphism 

V ^ B. 

Proof. The result is proved in [1^1 Section 2.3] and [TSl Theorem 4.1] for 
projective morphisms vr^. Since the fibers of our vr^ are noncompact, 
we need a small modification to check that the complexes 

(15) i?7r^,(i?^om(F,r)o®a;.^)[2] , i?7r^,(i?^om(r, r)o)[l] 
are still naturally dual to each other. The relative canonical bundle 

is trivial in our situation. The rest of the proofs in [151 HH] go through 
as before. 

The proper way to deal with the noncompactness is to work with local 
cohomology in place of Rttj,^. However, we follow a simpler approach 
obtained by compactifying the fibers of A" — i? by 

X = SxF^^B. 

Pairs extend trivially over X\X by pushing forward the sheaf and 
section, allowing us to view V as the moduli space of stable pairs on 
the fibers oi X ^ B whose underlying sheaf has support in X G X. 
Suppressing the pushforward maps, we get a universal pair (F, S) on 

V Xb X and a universal complex 

whose restriction to P A" is I*. 

Let 7fp denote the projection V Xb X ^ V. Since RJifom{ I', I*)o is 
supported on X C X, the two complexes (fT5|) are 

(16) i?7fp,(i?jrom(r,F)o®u;wp)[2] , i?7fp,(i?.^om(F,r)o)[l]. 

Therefore the usual relative Serre duality down the projective fibers of 
Tfp applies to give the duality ( ITSjl . In particular, by |l6l Lemma 2.10], 
the first complex is quasi-isomorphic to a complex 

E' = {E-^ E^} ~ i?7rp,(i?jrom(r,r)o ® 7r^w_:4./B)[2] 

of locally free sheaves on V in degrees —1 and 0. We denote the second, 
the dual of the first, by 

E. = {Eo ^ El} 
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in degrees and 1. Dualising ( IT^ . we obtain the more familiar form, 

(17) E' Lp/B. 

As in [151 HE], the morphism (ITT]) is surjective on and an isomor- 
phism on hP, verifying the axioms of a perfect relative obstruction 
theory. □ 

3.3. Trivial quotient. For the 3-fold X = 5* x C, the obstruction the- 
ory constructed in Section [3?2] has virtual cycle equal to because of the 
existence of a trivial factor C obstructing extensions of J* along defor- 
mations of S which take /3 out of the (1,1) locus. To construct a nonzero 
virtual cycle, we must remove this trivial piece of the obstruction theory. 

The obstruction sheaf of the deformation-obstruction theory f[T^ is 
the degree 1 cohomology shealll 

(18) Ob = frxt^^(r,F)o. 
As in (fT6|) . we also have 

Ob = ^x4^(T,r)o. 

Consider the image of the relative Atiyah class of I* under the map 
Exti(F, r ®L(^,^^^/^) — > Ext^(r,r®7ri.L;^/^)o 

-^if°(^a;4^(r,T®4%/^)). 
Cup product with its image At defines the map 

Sxtl^il'J'), ^ <fa:4^(r,T®7ri.%/^)^i?%^,(7r^%/^). 



Pulling back the fiberwise symplectic form a of f fTSj) to V X ^ B 
gives a section a of tt^^ (vrirfi^^^). Wedging with a, the upshot is a map 
from (dl]) to Cp: 

(19) Ob R^nT,,{7r*^n%^^) = R^Tf^^u^^ = Ov 



Proposition 11. The map f[T9|) is onto. 

Proof. Since the higher (S'xt^^{I', I*)o sheaves on B vanish for i > 3, 
we can work at closed points. For a stable pair [F, s) on 

Xi:= X = S 



^^Here Sxt\^ denotes the ith cohomology sheaf of Rn-p^.R.y^om. We abbreviate 
the latter to RJ^orriT^ , the derived functor of c^oto^^ = -K-p^fJ^om. 
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we must show the composition 

(20) Ext2(/*, /•)o ""^^^ Ext^(7*, /• O %) ^ 

if3(%) ^ i73'=^(X) ^ C 

is onto. Here, a is the pull-back of the holomorphic symplectic form cr 
(IT^ from the /"^S surface S' to X, and /* is the complex {Ox — ^ on 
X. 

To show the map fl2Ql) is surjective, we exhibit a class in Ext^(/*, /*)o 
on which the composition is nonzero. Choose a first order deformation 
Ks G H^{Ts) of S which, via the holomorphic symplectic form 

a: Ts = ns , 

corresponds to a class j a G H^'^{S) whose pairing with /3 is nonzero, 

(21) [ns^a^O. 



Let K, G H^(Tx) denote the pull-back of the Kodaira-Spencer class ^5 
to X. Let 

(22) KoAt(7*) G Ext2(/*,/*) 

be the cup product of R with At(/*) G Ext^(/*, /* ® f^x) followed by the 
contraction of with Q^. By [15], the element ( 122|) is the obstruction 
to deforming J* to first order with the deformation k of X, and in 
fact lies in Ext^(7*,7*)o C Ext ^(7, /*) since the determinant of /* 
deforms trivially. 

By [HI Proposition 4.2], tr {k o At (7) o At(7)) G H'^^i^x) equals 
2/t; J ch2(/*). Therefore the image of k o At(/*) under the map ( l20l) is 

(23) 2 /_(/€jch2(7)) Aa = -2 /_(k j a) A ch2(7), 
by the homotopy formula 

(24) = Kj(ch2Aa-) = (k j ch2) A a + (k j a) A ch2. 
Since ch2(/*) is Poincare dual to — we conclude ( l23l) equals 

2 / K5ja, 



/3 



which by construction (12T!) is nonzero. □ 
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3.4. Symmetric obstruction theories. By Proposition [101 the two 
term complex of locally free sheaves E' over V, quasi-isomorphic to 

i?7rp,(i?^om(F,r)o®7r>;,/5)[2] , 

provides a perfect obstruction theory for "P — > 5. Via the trivialisation 
of Ux/B and the equality between (fT5|) and (fT6l) . the Serre duality of 
(fT6l) shows that E' is isomorphic to its own derived dual shifted by [1], 

(25) {E-y[l]^E'. 

Moreover the pairing between E' and E'[l] is given by trace, which 
satisfies 

tr(a U 6) = tr(6 U a) . 

Hence, the isomorphism (!25l) is also equal to its own dual [3l Lemma 
1.23], and the deformation-obstruction theory of Proposition [10] is sym- 
metric in the sense of [2], [3]. 

Since E' is an obstruction theory, h^{E') = fl^p/B- By definition, the 
obstruction sheaf Ob is of the dual complex E, = {E'Y . Since E' is 
symmetric, we have 

Ob = O.-pjB- 

A map Ob — )■ O-p is therefore equivalent to a section of the tangent 
sheaf 

(26) T-p/B = J^om{n-p/B, O-p) = h~\E-). 

In our case, the product geometry provides a section of T-p/B by mov- 
ing all stable pairs by the vector field dt lifted from the second factor C 
of 

X = S xC. 

Explicitly, the section is 

(27) Op^ii^^xti^(r,r)o 

where the sheaf on the right is the 0th cohomology of E'. By the duality 
( 1T5|) and the vanishing of higher ff xts, 

<ffxtl^{r,r)o = jifom{£xtl^{r,r)o,Op), 

just as in ( l26l) . Therefore (1271) gives 

(28) cffxtl^ir,r)o^Op. 

Lemma 12. The map (128|) is the same as (1T9|) . 
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Proof. The perfect pairing between the two complexes ( ITSll is provided 
by composition of the derived Homs in (fT6|) followed by the trace, 

(29) RWj,,{RJ^om(f,r) ® a;^^)[3] ^ i?7f^,a;^^ [3] R^if-p.^^^- 

The final map takes the highest nonvanishing cohomology sheaf of the 
complex. Since the fibers of n-p are projective, last sheaf is Op, as 
required. 

To prove the Lemma, we must show sections / of Sxt^^il' , I*)o satisfy 

tr(/ U At(r)) A (7 = tr(/U(9tJ At(F))) A((7Arft), 

where a /\ dt is the trivialisation of ujx- The result follows from the 
homotopy formula a j (6 A c) = (a j 6) A c ± 6 A (a j c) used before. □ 

In particular, since the map (1271) is clearly pointwise injective for pairs 
with curve class (3 (supported in the K?> fibers of our threefolds), we 
recover Proposition ITTl 

3.5. Reduced obstruction theory. We now assume that our smooth 
family of A'3 surfaces 

has base a nonsingular curve -B, and that /3 is of type (1, 1) on every 
fiber 5^, ^ e 5. 

Following the notation of Section 13.11 let 

(30) X = S^C^ B 
be a family of 3-folds, and let 

V ^ B 

be the associated family of moduli spaces of stable pairs in class 
on the fibers of fl5Ul) . We will construct and prove the deformation 
invariance of the reduced virtual class on the family V ^ B. 
Since B is nonsingular, every perfect obstruction theory 

E' — L-p/B 

for P —7- 5 induces a perfect absolute obstruction theory for V by virtue 
of the exact triangle 

(31) VLb^I^v^ Lp/B, 

where we have suppressed a pull-back map. Using the composition 
E' -^l^-pjB — > riB[l], we define 

E' = Cone {E' 1]b[1])[-1] • 
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We have diagram of exact triangles 

(32) 8' ^E' ^VLb[1\ 

\ \ II 

-Lp/B ^^b[1]- 

By computation with the long exact sequence in cohomology sheaves of 
the above diagram, £' — )■ is an isomorphism on hP and surjective on 
. Since 

E- = {E-^ E^} 

is a complex of locally free sheaves, the induced map E' — )■ ^^[1] can 
be represented locally by a genuine map of complexes 

i 

Hence, S' is locally represented by the 2-term complex of locally free 
sheaves 

(33) S- ^ {E-^ ^ E° (S^b}. 

Since V is quasi-projective, S' is globally a 2-term complex of locally 
free sheaves. So S' hp is indeed a perfect obstruction theory. 

From the perfect relative obstruction theory of Proposition [TOl 

E' = {Rjeom^^{r,r)o[l])\ 

we obtain a perfect absolute obstruction theory £' for V. From the dual 
of the top row of fl32|) we have the long exact sequence of cohomology 
sheaves 

-> (^xtl^{rj')o ^Tv^Tb^ frxt^^(r,F)o ^ ob^^ ^ o. 

Here S'xt\ (I*,I*)o = T-pjB is the relative tangent sheaf of P/B, and 
Tp is the absolute tangent sheaf. Similarly, Oh-p is the obstruction 
sheaf h^{{£'Y) of the absolute obstruction theory £' , the quotient of 
the relative obstruction sheaf 

ob = ^xt^^(r,r)o 

by the image of Tb- 

By Proposition [TTl the map ffT^ is a surjection Ob—)- Op. To apply 
the construction of Kiem-Li to £' — ?■ Lp, we must show the map (fT9|) 
annihilates Tb and so descends to a surjection Ohp — )■ Op. To do so we 
need a description of the composition E' — )• hp/B — ^ 
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By the description dH]) of (Lp/^)^ ^ {E'^ , the dual of 
is the composition 

(34) Tb[-1]^K/b ^'"'"^ R^om^^(I',r)[l], 

which actually factors through the trace-free part R^ottIt^ (I*,I*)o[1] 
as in [151 Theorem 4.1] since all of the complexes I* have fixed trivial 
determinant. Here, the first map is the Kodaira-Spencer class of the 
fibers oi V ^ B obtained from the exact triangle ( 13T|) . The second is 
cup product with the image Atp/B of the relative Atiyah class ktxxBV 
of I* under the map Ext^(F, I- ® I^xxbv) Ext^(F, I- ® vt^Lp/b). 
We can construct a similar composition 

(35) Tb[-1] ^i?7r^*L^/B— ^^^om^^(I-,F)[l] 

from the projection Kt^/B of PAx^bV under "LxxbV ~^ ^x/b- The 
first map of fl35|) is the Kodaira-Spencer class of the fibers of X ^ B 
obtained from (ttp^tt^ applied to) the exact triangle 

(36) Qb^I^x^ l^xjB . 
Proposition 13. The two composition ( 134|) and (!35|) coincide. 

Proof. We relate both maps to a third, constructed in the same way 
using the full Atiyah class 

(37) TB[-l]^R7r^,nx,v^^^^^R-^om^^{I',I')[l] . 

Here, the first map is the Kodaira-Spencer class in Ext^(L;t'xB'P5 ^b) of 
the inclusion 

i: X XbV C X X V 
coming from the exact triangle 

(38) nB Li*l.xxv ^xxbV ■ 

The composition ( 137|) coincides with (l34l) by the following commutative 
diagram of exact triangles on X Xb V relating the Kodaira-Spencer 
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classes (EHD and (ED, 



J * 

II 1 I 

VLq ^ L-p IL-p/_B- 

We have suppressed several pull-back maps. The central row gives rise 
to (I57|) while the bottom row induces 

Similarly we have the following diagram relating the Kodaira-Spencer 
classes f l38|) and f l36|) . 

IL-p ^= IL-p 

J I 

II I I 

^ ^ "^X/B- 

The central row gives rise to fl37|) while the bottom row induces fl35l) . 
so the two compositions coincide. □ 

By Proposition [131 we may use the description (l35l) of the map 
to compute the composition with 

As in Proposition [HI we use the extension I* of I* over X ^ X. The 
result is 

Tb ^ ^ ^x4^(T-,T-)o ^ 

Working locally over "P, we will show the composition vanishes when 
applied to any section of Tb- Let 

KS G i?Vp,(T;^/s) 

denote the associated Kodaira-Spencer class. By [8], Proposition 4.2] 
(applied to M = O-p), the image of our section under the first four 
maps above can be computed as 

(40) KS J ch2(T) e i?%,(7r^fi^/5). 
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The class ( HOl) is the (l,3)-part of the derivative down the vector field 
along B of By assumption the class is of pure type (2,2) over 

all of B, so the class (HOj) is zero. We have proven the following result. 

Proposition 14. We have a surjection Ob-p — )• O-p extending the sur- 
jection Ob ^ o/ ([HD. 

3.6. Reduced classes. From the perfect absolute obstruction theory 
£' , the constructions of [UET] produce a normal cone C and an embed- 
ding 

C dSi 

into the total space of the vector bundle £i dual to £^^. Without loss 
of generality we may assume that £i = Ei (as in fl33l) ). so 

C <zEi. 

Restricting (fT7|) to a fiber 

over ^ E B yields the perfect obstruction theory 

E'\p^ — > L-p^, 

a normal cone Q, and an embedding C Ei\-p^. By [4j, the cone C 
specialises to the cone C^, 

(41) [Q] = 4[C]- 

The cone lies on C and relation (14T]) is valid on C. Intersecting 
with the zero section of Ei\p^ yields the usual virtual cycle [P^]''*^ 
employed in [45] (and which vanishes here). 

A reduced virtual class is obtained by the following construction. Let 

on V denote the locally free kernel of the surjective composition (fT9|) 

Si Obp Op. 

By results of Kiem and Li [19], the normal cone C G Si lies in Fi C Si 
as a cycle (rather than scheme theoreticallfl . Therefore we may view 
C as a cycle in Fi and as a cycle in Fi\-p^. We define 

= 0'[C] e A2{V,Z) 



^^In Appendix |^ we explain why, for our particular moduli space V and ob- 
struction theory £' , replacing £i by Fi gives a genuine perfect obstruction theory. 
Therefore C lies in Fi scheme theoretically. This is not the case for general obstruc- 
tion theories, however, and is not necessary for what follows. 
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and by intersecting C with the zero section of Fi and 




obtained by the identity (HTj) on C. 

3.7. Reduced invariants. Since X = S x C is not compact, neither 
is the moduh space Pn{X, l^I3). However, the fixed point set 



of the C*-action induced by scahng the second factor of X is compact. 
We can therefore define invariants by residues. 

The C*-action on Pn{X, 13) hfts to the perfect obstruction theory (fT71) . 
Since the map (fT9|) is easily seen to be C*-invariant, we obtain a C*- 
equivariant reduced virtual class. We define 



when (3 G H2{S,Z,) is irreducible. 

3.8. Degenerating family of K3 surfaces. We now consider the fam- 
ily of K3 surfaces 



over a pointed curve {B, 0) defined in Section [2^31 The family e satisfies 
conditions (i-v) of Section 12.31 and has special fiber 



Pn{X,Pf* CPniX,P) 



Pn,l3 - 1 , 

J[Pn{X,(5)Y'='i 

where the right side is the C*-equivariant residue. 
By Lemma El the integral can be evaluated as 




Pn,p = l{-ir^^^'^^'-HPn{S,f3)) 



Sq — Ri Ue R2 ■ 



As before, let 

(42) X = SxC^ B. 

Denote the special fiber by X[0] = iSq x C, and let 

X[0]=Y^Ue^cY2 
denote the decomposition where Yi = Ri x C. 
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Following the notation of [28], let ^ = ^{I3,n) denote the Artin 
stack of n)-decorated semistable models of X/B, with the associated 
universal family 

(43) X^M. 

The stack £^ has a (non-representable) morphism to B with the fiber 
over E B denoted by ^q. Away from ^q, the universal family (H3l) is 
just the family of quasi-projective schemes 

iX\X[0]) ^ B\{0} . 

Replacing the special fiber X[0] is the union over all k of the A;-step 
semistable models 

X[k] = (^Ri Ue {E xF^)[Je... Ue (E x P^) ^^2) x C 

with automorphisms (C*)'^ covering the identity on X[0] {k is the num- 
ber of extra components [E x F^) x C in the semistable model). The 
decoration is an assignment of H2 classes and integers for each com- 
ponent of the fibers of X/^, satisfying standard gluing and continuity 
conditions described in [28]. In particular, on the nonsingular fibers, 
the decoration is simply (/3,n). 

A relative stable pair on the special fiber is 

(44) Ox[k] 4 F 

where F is a sheaf on X[A;] with holomorphic Euler characteristic x{E) = 
n and class which pushes down to 

L,I3 e H2{X[%'L). 

The stability conditions for the pair are 

(i) F is pure with finite locally free resolution, 

(ii) F is transverse to the singular loci Ei of X[k], 

Torj(F, CsJ = for all 2 and j > 1 , 

(iii) the section s has 0-dimensional cokernel supported away from 
the singular loci E^ of X[/c], and 

(iv) the pair (jH]) has only finitely many automorphisms covering the 
automorphisms (C*)'' of X[A;]/X[0], 

see [281116]. 

There is a Deligne-Mumford moduli stack 
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of stable pairs on the fibers oi X ^ whose restriction to each com- 
ponent of X[/c] has support and holomorphic Euler characteristic equal 
to the decoration. There is universal complex I* over 

by condition (iv). Composing with ^ ^ B gives V ^ B which, away 
from the special fiber, is the quasi-projective moduh space studied in 
Sections IXmi 

As before, V is an open subset of a proper Deligne-Mumford stack 
formed by considering relative stable pairs on the compactification X 
SS given by replacing the C factor in (142|) by everywhere. 

The universal complex I* is perfect due to condition (i) above. The 
deformation theory and Serre duality of [IHl HE] go through exactly 
as before. Let '/r~,7rp denote the projections from X XagV io X and 
V respectively. Just as in (fT4|) . the Atiyah class of I* gives a perfect 
obstruction theory 

(45) E- = i?7rp,(/2^om(r, F)o ® 7i*^co^^^^)[2] ^ L^/^ . 
Moreover, Serre duality applies to give the duality (l25i) : 

Therefore the relative obstruction sheaf over V/^ is Sxt^ (I*, I*)o with 
a map 

(46) Sxtl^il'J'^^Ov 

defined exactly as in ( 1281) . The map coincides, as before, with the map 
definecl^ in f|T9|) . While the proof of Proposition [11] is valid with the 
right notion of Chern classes for perfect complexes on X[k], the dual 
description ( l28i) is technically easier. Since the vector field dt is nowhere 
zero on P, the map ( l46l) is again a surjection. 

3.9. Degeneration of the reduced class. Let 

(47) X ^ B 

be the degenerating family of 3-folds considered in Section 13.81 above. 
Let /3 = s + M be a vertical curve class. Let 

V 

^^Sincc X j SS is a reduced local complete intersection morphism, — ^xi:jS' 
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be the moduli space of stable pairs on the fibers of (1471) with holomorphic 
Euler characteristic n and class (3. Let Vq be the special fiber of the 
composition 

parameterizing stable pairs on semistable degenerations X[k] of 

X[0]=Y,UexcY2. 
Given data t] = [rii, 77-2, hi, defining a splitting 

h = hi + h2, 77, + 1 = ni + 77-2, 

we can construct the moduli spaces Vr/^ and Vr^^ of relative stable pairs 
on Yi and I2 of classes (s + /iif, rii) and (s + /i2f, ^^2) respectively. By 
restriction of relative stable pairs to the boundary divisor, P^- maps to 
ExC. We define 



(48) V, = Vr„XE,cV, 



V2 



which embeds into Vq. In fact, Vq the union (not disjoint!) of the 
over all possible splitting types 77. 

The perfect obstruction theory E' — Lp/.^ (H5i) for P — fits into 
the following commutative diagram of exact triangles: 

(49) S' ^E' -L.^[l] 



S' — 


— ^E' ^ 

I 


I 

hp — 


— ^ L-p/ig ^ 



The bottom row induces the map E' — > L^[l] whose cone we define to 
be £'[1]. 

Since ^ is nonsingular, /i~^(L.^) = 0. But ^ has nontrivial isotropy 
groups, so /i^(L^) is nonzero. However, stable pairs have no continuous 
automorphisms (since P is a Deligne-Mumford stack with no continuous 
stabilizers by condition (iv)) so 

is onto. From the long exact sequences in cohomology of the above 
diagram, S' has cohomology only in degrees —1 and 0. Just as in (l32l) . 
we conclude £' L-p is a perfect absolute obstruction theory for V. 

Restriction ioVo <ZV yields -E'Ip,, ~^ '^'P/Mvq ^^^^^ compose 
with Lp/.^l^^ — 7- Lpg/,^g to give a perfect obstruction theory 
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for Vo — ^0- Just as in ( l49l) . we can construct a perfect absolute 
obstruction theory for Vq via the diagram 

(50) £„• ~E-\n ►La[l] 

i I II 

which defines Sq and the map to Lp^. 

The top row of ( l50i) and the pull-back to Vo of ( l49l) give the diagram 
of exact triangles 



^0 E'\r, L,^J1] ^o[l]- 

Since C is the pull-back from B of the divisor {0} C B with asso- 
ciated line bundle Lq, we have L^^/^ = [l]- Therefore, the rightmost 
column of the above diagram gives the exact triangle 

(51) 

relating the obstruction theories of V (pulled back to Vq) and Vq. 

There is a divisor C in the stack of decorated semistable models 
whose pull-back to VisVr,- The associated line bundles satisfy 

ri 

We can replace Vq C V over C =^ by C P over ^^d^ and Lq 
by in the above diagrams. The result is a perfect obstruction theory 
E'^ — > Lp^ sitting in an exact triangle: 

(52) ^ E,; Ll\\\. 



The map 0-p[l] — ?■ E' of (j28l) . extended to singular i^3s in ( l46l) . was 
shown in Section 13.51 to lift to the absolute obstruction theory 

(53) Ov\\\^E' 

over the nonsingular locus B \ {0}. Since I* is a perfect complex the 
same proof extends to the singular i^3s, as far as (!39l) . To finish off we 
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must show that the composition (1391) is zero. By the usual homotopy 
formula (124|) we compute the composition as 

-2(KS ja) Uch2(r) e ^ Op. 

Even in the singular geometry, the above cup product equals the integral 
of 2KS JO" over the class The integral vanishes since /3 is always of 
type (1, 1) in the family B. Hence, the lift ( l53l) extends over all of 

Let S'^'^'^ be the cone of fl53l) . Restricting fl53|) to Vq and Vr, and using 
fl5T| [521) yields the compositions 

Taking the cones defines the respective reduced theories E^^'^ and E^^^^. 
By (ISTl) and (152|) . we obtain the exact triangles 

(54) £:-d|^^^^^red^^V[i] ^ 

(55) ^ £f ^ Ll[l] . 

We have now worked out the compatibilities of the reduced obstruc- 
tion theories for P, "P^, and Vq. We now turn to the compatibility 
between the reduced obstruction theory of and the usual obstruc- 
tion theories of Vr,-i and Vr^^. 

Consider a point [J*] G "P^ of the moduli space corresponding to a 
stable pair on X[k]. A decomposition of X[k] as Xi Uexc X2 yields 

(56) Ox Ox, © Ox, ^^-^ Oe-^c 0. 

The stable pair /* restricts to stable pairs !{ and I2 over Xi and X2 
respectively. On E x C, I' restricts to the ideal sheaf J^p of a point in 
the intersection {sH E) x C. Tensoring ( 156|) with the perfect complex 
R^om{I' , /*)o and taking sheaf cohomology gives the exact triangle on 
the bottom row of the following main diagram. 



RRomx[k]{I\ /•)o ^ ©ti i?Homx.(/*, /•)o ^ i?Hom£;xc(^p, ^p)o- 

Here, e^^. denotes the stack of expanded degenerations of (Yi, E x C) 
decorated by rji, so 



34 MAULIK, PANDHARIPANDE, THOMAS, PIXTON 

The top row is the exact triangle of dual cotangent complexes for the 
fiber product structure (l48l) relative to (all restricted to the point 
/* G P). The vertical arrows are the dual perfect obstruction theories 
provided by (fT4l) . 

The last term of the top row has first cohomology sheaf (J/J^)^ at 
p, where J is the ideal of 

' r/ ^ ' r/i ' ri2 • 

Since is the basechange of x Vr,2 to the diagonal in {E x C)^, 
the conormal bundle to the diagonal in [E x C)^ surjects onto J/J^. 
The right hand vertical arrow is the dual of this surjection (at p). The 
normal bundle to the diagonal, 

Tp{E X C) ^ RRomE^c{^p,^p)o[l] , 

is identified with its image in T[p,p){{E X C) X {E X C)) by the map 
(1,-1). Comparing with the map (1,-1) in ( l56l) shows the diagram is 
commutative. 

After composing the coboundary map of the exact triangle occurring 
on the bottom row of the main diagram with the map (125]) 

Ext2(/-,/-)o^C, 

we obtain the following morphism 

(57) TpE ^ Tp{E X C) — y /2Hom(/*, /•)o[2] ^ 

Ext=^(/*,/*)o — y C. 
Proposition 15. The composition (1571) is an isomorphism. 
Proof. The result is straightforward using the dual description (127|) 

(58) c^Ext\r,r)o 

of the map (l28l) . The map is obtained from the deformation of /* given 
by translation in the C-direction. 
The dual of the sequence f l56|) is 

(59) O^ux,® UJX2 ^(^x Oexc 0, 

where of course ux — Ox- 

Tensoring with the perfect complex RJifom{I' , I')q and taking sheaf 
cohomology gives the exact triangle 

2 

0i?Homx,(/;,/;8)u;x,)o ^ i?Homx(/*, /•)o ^ i?Hom^,xc(j^p, J^p)o. 
1=1 
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Since the complex of sheaves R^om{I' , I')q is derived dual to itself 
(modulo a shift), this exact triangle is the Serre dual of the bottom row 
of the main diagram modulo a shift. 

By the construction of the triangle using ( |59l) . we see the deformation 
dt in [H^ of) the second term maps to the corresponding deformation 
dt in the third term. Hence, the composition of f l58|) and the second 
map in the exact triangle, 

(60) C ^ Ext,V(/*, /•)o ^ Ext],,c(^P, ^p)o = TpiE x C) ^ T^C, 

is an isomorphism. 

Under Serre duality, the splitting T{E x C) = TE(BTC is dual to the 
splitting T{E X C) = TC © TE in the opposite order, since the pairing 
between the two spaces is by wedging (and the triviality of A^T{E x C)). 
Therefore, ( 160|) is precisely Serre dual to the composition ( 1571) . □ 

After passing to absolute perfect obstruction theories, the dual of the 
main diagram yields 

(61) £[ © ^2* ^EXC[1\ 

\ " 

at the point [/*] G Vrf- Here S' is the absolute obstruction theory for 
Vrji derived in the usual way f H^ from the relative obstruction theory 

^4/.*.. ^ i?Homx,(/*,/-)o[l] of m- 

We have already shown the map TI7h factors through the absolute 
obstruction theory, 

(62) C[l] ^ s;. 

By Proposition [T5| the composition of fl62|) and S'^ — )■ r2£;xc[l] is iso- 
morphic to the inclusion Qe ^ ^exc {^^^ shifted by [1]). Since the 
latter is nontrivial, we can divide out the two top right hand terms of 
hj C ^ Qe to give 

(63) £:-©£:-^£:-d^iv^[i], 

where A^^ is the conormal bundle of the diagonal C C x C 

Theorem 16. The reduced virtual class of the moduli space of pairs V 
of the degeneration 
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with holomorphic Euler characteristic n and primitive class 

satisfies three basic properties: 

(i) For allies, 

(ii) For the special fiber, 



(iii) The factorizations 

hold for /3j = s + /ijf . 
Remark. By the fiber product in (iii) we really mean 

A' ([P„,((i?i/E) X CA)]""- X [Pn.m/E) X C,/32)]"0 ' 

where A : C — ?■ is the diagonal and both virtual cycles have obvious 
maps to C. However, since all of the cycles involved can be taken to be 
linear combinations of products of varieties with C, this agrees with the 
resulting linear combination of fiber products over C 

Proof. This follows the proof of the parallel statements in [28] for the 
degeneration formula for the standard obstruction theory. We use the 
compatibilities fl54l) and ([S5D of reduced obstruction theories in place of 
the standard compatibilities (15T!) and (!52|) of usual obstruction theories. 
The statement (iii) is immediate from the exact triangle (163|1 . □ 

Finally, we note all steps in the proof of Theorem [16] respect the 
C*-action on 

X = SxC 

given by scaling of the second factor. As a result. Theorem [TBI holds for 
the reduced and ordinary virtual classes in C*-equivariant cycle theory. 

4. Reduced Gromov-Witten 

4.1. Stable maps to the fibers of e. We again work with the family 
e : 5 — i- 5 of Section 12. 3[ Denote the moduli space of connected stable 
maps to the fibers of e, as constructed in [221 ES], by 

(64) M,(e,/3)^5. 
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Over nonzero ^ G -B, the moduli space is simply Mg{S^, (3). Over G 5, 
the moduli space parameterizes stable predeformable maps from a genus 
g curve to an expanded target degeneration of So = RiUe R2 of the 
form 

Ri Ue {E X P^) Us ■ ■ • \Je {E X P^) \Je R2- 

Here, we have inserted a non-negative number of copies of x P^ at 
the singular locus of Sq, attached at ii^ x {0} and E x {00}. We will 
denote the standard inclusion of the fiber over ^ G i? by 

If /3 = s + M, then the moduli space (IM|) has a simple structure. A 
stable map to any fiber in class (3 has degree 1 over the base of the 
elliptic fibration 

TT : 5^ ^ P^ 

Since the section s is rigid, the map consists of a fixed genus curve 
mapping isomorphically to s attached to possibly higher genus curves 
mapping to the fibers of n. When = 0, the intersection of the genus 
curve with the singular locus of the expanded degeneration always has 
multiplicity 1 at the distinguished point p E E, see ([9]). 

4.2. Relative maps. Let /9 = s + M , and let Mg{R/E, [3) denote the 
moduli space [25] of stable relative maps to expanded degenerations of 
{R, E) with multiplicity 1 along the relative divisor E. There is an 
evaluation map 

(65) Mg{R/E,(3) ^ E 

determined by the location of the relative point. In fact, since s is rigid, 
the evaluation map always has value p E E. 

A stable map to Sq can be split (non-uniquely) into relative stable 
maps to {Ri,E) and {R2,E). Let 

V = i9i,92,hi,h2) 

denote a quadruple of non-negative integers satisfying 

g = 91 + 92, h = hi + h2. 

Define Mg{So,r]) to be the fibered product over the evaluation maps 
( !65l) on both sides, 

Mg,iRi/Ei, s + hf) XEMg,{R2/E2, s + /isf) • 
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Since the evaluations maps both factor through the point p ^ E, 
Mg{So,r]) = Mg^{Ri/Ei,s+ hf) xMg^{R2/E2,s + h2f) . 
By standard results [251 126], we have an embedding 

and the full moduli space to So is the union 

Mg{So,l3) = [jMg{So,r]). 

V 

In [26], the embedding is explicitly realized as given by a Cartier 
pseudo-divisor (in the sense of Fulton): there exists a line bundle 
on Mg{e,f3) with section G r(L^) whose zero locus is Mg{So,ri). If 
(Lq, So) denotes the pseudo-divisor given by pulling back the Cartier 
divisor G -B, we also have the identity 

(66) (Lo,So) = (g) (L„s^). 

4.3. Obstruction theories. We follow the construction of the perfect 
obstruction theory on Mg{e, f3), 

(67) E: ^ L^^(,^^) , 

presented in [26] . We will always take /3 = s + M. Since the multiplicity 
of the stable map at the singular locus of Sq is always 1, the obstruction 
theory of [26] simplifies substantially. 

Let ^ denote the nonsingular Artin stack parameterizing expanded 
target degenerations of S over B. We first describe the relative obstruc- 
tion theory for the morphism 

(j) : Mg{e,^) ^ ^. 

For convenience, we just describe the tangent and obstruction spaces 
at a closed point of the moduli space. For the general case see [26] . Fix 
^ G -B, an expanded target degeneratioE0 

and a stable map 



Unless we are over the special point ^ = 0, we have S*^ = S^. Nontrivial 
degenerations occur only over £ B. 
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The tangent and obstruction spaces relative to the morphism are given 
by the cohomology groups in degrees and 1 of the complex of vector 
spaces 

(68) RRomcirn^^^ncOc). 

Here, the complex f*^s^ is obtained from the map / and is 

placed in degrees —1 and 0. Following the method explained in Section 
13.91 the absolute obstruction theory is then easily obtained from the 
relative obstruction theory since ^ is nonsingular and Mg{e,l3) has no 
continuous automorphisms. 

We can similarly construct perfect obstruction theories Eq and £"* for 
Mg{So,/3) and Mg(So,rj) respectively. Just as in Section I3l9| both are 
related to i?* via exact triangles (cf. ( ISTl) and (j52l) ) 

(69) L^^.*i?;->E-->Lo^[l] , 

l;; -> l;e: -> -> l'^ii] , 

where Lq and are the line bundles in fl66|) . 

In order to split the associated virtual class for E'* into contributions 
from Ri and R2, we will require an exact triangle relating i?* to the 
obstruction theories El,E2 associated to each moduli space of relative 
stable maps Mg-(Ri/Ei,s + hif). This is the analogue of the exact 
triangle (16T]) for stable pairs: 

(70) iVX/i^xi. -> El ffl E', -^E;-^ Nl/E,M 

Here, ^a/_exe denotes the conormal bundle to the diagonal of E x E, 
pulled back to Mg[So,r]) via the evaluation maps. 

4.4. Reduced classes. The moduli space Mg{e, P) carries both an ab- 
solute obstruction theory (1671) and an obstruction theory relative to ^ 
(!68|) . To define a reduced class as in Section [3l6| we explain how to con- 
struct a 1-dimensional quotient of the relative obstruction space when 
P = s + hf. We present a uniform treatment over all ^ G -B. However, 
unless ^ = 0, all structures involved with the singularities of are 
trivial. By an elementary analysis, the relative obstruction space over 
^ equals the absolute obstruction space since there is no obstruction to 
deforming connected maps along with deformations of the fibers of e. 
Hence, we obtain a 1-dimensional quotient of the absolute obstruction 
theory of Mg(e, /3) also. 
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Let fi-^ denote the sheaf of differentials with logarithmic poles al- 

lowed along the singular locus (the residues along each branch are re- 
quired to add to zero). The sheaf fi-^ is locally free of rank 2. Al- 
ternately, is the sheaf of differentials for the log structure on 

associated to the smoothing of S^. The surface is log K3: we have 
an isomorphism 

Hence, there is a nondegenerate symplectic pairing on 

Similarly, let Q^^^ denote the sheaf of differentials on C with simple 
poles allowed only at the nodes mapping to the singular locus of 
(again with the matching residue condition). In a neighborhood of such 
nodes, Q^q^ is locally free. We may view Q^q^ as the sheaf of differentials 
associated to the log structure on C pulled back from 5*^ via /. 

Lemma 17. The natural map of complexes 

[rn^^ ^ nc] ^ ^ n'^'] 

is a quasi-isomorphism. 

Proof. The result follows from the diagram of exact sequences 

— - f*OE — - — - /*^~; — - f*OE — - 

I I \ I 

Op Vic ^'c^ Op 0. 

The leftmost terms are the torsion subsheaves of the cotangent sheaves 
and the rightmost terms are the residues of the logarithmic forms. □ 

The reduced obstruction space is given by the kernel of the following 
composition of morphisms: 

: Exti([/*fi^^ -> ^clOc) = '£^^t\[f*Vtf^ -> Vt'°% Oc) 

^Y.^i\[{f*n'i^Y ^n'°c%Oc) 

-^Exti([a;^->figs],Oc) 
^H\C,uJc) = C. 
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Lemma ITTl yields the first equality. The second equality is a consequence 
of the symplectic pairing. The third map is constructed via the pull- 
back 

(71) rin'i^)^coc. 

The last map is obtained from the vanishing of the composition 

Here we use the fact that the symplectic structure vanishes when pulled 
back to C. 

Lemma 18. The map ip is surjective. 

Proof. For ^ 7^ 0, the claim is part of the usual construction of the 
reduced class. We discuss only the singular case Sq. The map ip is 
induced by 

(72) Ext' {{rn'2^)\Oc) - H'{C,rn'2^) ^ H\C,uc), 

where the latter arrow is obtained from fl7T]) . We will prove fl72|) is 
surjective. 

Pick a connected component of the singular locus of So and take 
the corresponding separating node p of C. Let Ci and C2 denote the 
connected components of the normalization of C at p. Consider the 
sequence 

Tensoring with the bundles f*fl^~^ and uc, taking cohomology and using 

Sa 

the map (I7T!) gives the commutative diagram 

H%uc\p) ^H\C,coc). 

The left hand arrow is surjective since C is an embedding in a neigh- 
borhood of p. The lower arrow is surjective by standard curve theory. 
Therefore the right hand arrow (!72|) is also surjective. □ 

By taking duals and applying the above construction in families, we 
obtain a morphism 
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for which the induced map on obstruction sheaves 

is surjective. We refer to E'^^'^ = Cone(7) as the associated reduced 
obstruction theory, even though a priori not all the conditions of an 
obstruction theory may be satisfiedo Just as in Section 13.61 the results 
of Kiem-Li allow us to construct a reduced virtual class from E''^'^'^. 

4.5. Degeneration of the reduced class. We can define the reduced 
obstruction theory for Mg{So,f3) and Mg{So,ri) via the compositions 

70 : 0[1] ^ lIE: ^ , 

%--o[i]^i;E:^E;. 

From the exact triangles fl69|) . we deduce the induced co-section of the 
obstruction space is surjective in both cases. We can take the cones of 
7o and 7^ to obtain the reduced obstruction theories E'^'^'^ and E*^^'^ 
respectively. The compatibility statements: 

(73) L^, ^ .^Er'' ^ Er' L^ol^] , 

continue to hold. 

Lemma 19. We have a quasi-isomorphism on Mg^So^Vj), 

T?' CP Z?* ~ 77i»rcd 

compatible with the structure maps to the cotangent complex ofMg{So, v)- 

Proof. By the second compatibility sequence (1701) for we have a 
natural map 



(74) El ffl E- -> 



•red 

V 



If the induced map 

(75) 0[1] ^ iVl/^,^[l] 

is a quasi-isomorphism, then ([71]) is also a quasi-isomorphism. 



^"With greater effort, standard reduced obstruction tlieories couid surely be con- 
structed liere. For families of nonsingular K3 surfaces, the most difficult aspect 
of the construction of the reduced theory is the obstruction study of Ran [5^ and 
Manetti [53] ■ In order to avoid such a study for the broken K3 surface over G B,we 
restrict ourselves to a weak reduced theory which is technically simpler and sufficient 
for our purposes. 
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We prove the quasi- isomorphism statement (1751) after taking duals 
and passing to closed points. After fixing a curve, expanded target, and 
map 

we will prove the composition 

(76) T,E ^ Ext\rn'2^,Oc) = Ext\{rn'2^)\Oc) -> H\C,uc) 

is an isomorphism. 

As in the proof of Lemma [TSl we will use the isomorphism 

H\uc\,)^H\C,uJc) 

to factor the composition in terms of the fibers of the vector bundles 
f*n'°'^ and Uc over the point p. In fact, the composition (176|) is the 
same as the composition 



(77) T,E^{a'gyi^Sl1X^^c^' 



From an explicit local description of the symplectic pairing on Q~ 

So 



log 
5o' 

the tangent direction along the elliptic fiber E is identified with the 
dual of the tangent direction along the section C. As a consequence, 
composition (1771) is an isomorphism. □ 

Theorem 20. The reduced virtual class of maps to the degeneration 

e:S 

for primitive f3 = s + M satisfies three basic properties: 

(i) For all ^ E B, 

4[M,(6,/3)r =[M,(5^,/3)]-^ 

(ii) For the special fiber, 

V 

(iii) The factorizations 

hold for /3j = s + hj. 

Proof. The proof exactly follows the proof of the parallel statements 
in J. Li's papers for the degeneration formula for the standard 
obstruction theory. We use the compatibility of reduced obstruction 
theories (173|) instead of ( 169|) . The statement (iii) is immediate from 
Lemma [191 D 
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4.6. Non-primitive degeneration. We announce here a degeneration 
formula for arbitrary (not necessarily primitive) classes 

(3 = ms + M 

with respect to the family e. Proofs and applications will appear in [37] . 

As before, a stable map to Sq can be split (non-uniquely) into relative 
stable maps to E) and (-R2, E). The distribution of genera and fiber 
classes is given by the data 

Let /3i = ms + /ijf as before. The additional data of an ordered partition 
7 of m 

e 

7= (71, •••,7^), ^li = m 

specifies the multiplicities with which / distinct points on the two sides 
map to the relative divisor. 

The moduli spaces of relative map^ 

M;(i?,/E,A), 

are well-defined and admit boundary evaluation maps 

(78) evrei: M;(/^i/E,A)7^^'• 
We define M'{So, rj)^ by the fiber product of the boundary evaluations, 

(79) mI{So,v), = M'JRi/E,I3^), Xe^M'JR2/E, ^2), ■ 

After a construction of the reduced virtual class for the family e. Parts 
(i) and (ii) of Theorem [20] hold without change. 

(i) For all ^ e B, 

(ii) For the special fiber, 



V 7 



Aut(7) is the symmetry group permuting equal parts of 7. 



*^^The superscript • denotes the moduli of maps with possibly disconnected do- 
main curves. The map, however, is required to be nonconstant on every connected 
component of the domain. 
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However, the factorization rule (iii) is more interesting. 

The class s determines, by intersection, a line bundle C of degree 1 on 
the relative E G Ri. Since the class f restricts to the trivial line bundle 
on E, the image of the boundary evaluation must lie in the subvariety 
V C E^ defined by 

The subvariety V is nonsing ulafi of pure codimension 1. 
The product of the boundary evaluation maps (!78|) yields 

(80) evv.v ■■ M'jRi/E,f3,), x M'JR^/E, f]^), V x V . 

Let A C V X V he the diagonal. We also denote the inclusion map by 
A. By definition fl79|) . 

The following rule replaces part (iii) of Theorem [201 

(iii) The reduced virtual class of M*(5o,?7)^ is given by the Gysin 
pull-back of the standard virtual classes of Mg-{Ri/ E, f3i)^, 

[MliSo,v)r' = A'-{[M'JR,/E,P,),Y'^ X [M'jR,/ E, f3,),]-^) . 

A detailed discussion will be given in [37] . 

While the reduced Gromov-Witten invariants of S with disconnected 
domains vanish, the disconnected theory is more natural for the fac- 
torization (iii). Disconnected maps to {Ri,E) and {R2,E) may glue to 
produce a connected map to Sq. 

5. ToRic Gromov-Witten/Pairs correspondence 

5.1. Toric 3-folds. Let be a nonsingular toric 3-fold acted upon by a 
3-dimensional algebraic torus T. The conjectural Gromov-Witten/Pairs 
correspondence of [46l|47l|48] for toric varieties equates the T-equivariant 
Gromov-Witten theory of V to T-equivariant stable pairs theory of V. 
Since both sides can be defined by T-equivariant residues, V is not re- 
quired to be compact. We refer the reader to Sections 3.1-3.2 of [16] for 
background. 

Theorem 21. The T-equivariant Gromov- Witten/Pairs correspondence 
with primary field insertions holds for V . 



'However, V need not be connected. 
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Proof. The T-equivariant Gromov-Witten/Donaldson- Thomas correspon- 
dence with primary field insertions has been estabhshed for toric V in 
[31]. The strategy of [31] is to match the capped Gromov-Witten and 
Donaldson- Thomas vertices. The 1-leg case was previously proven in 
[13] using [3 |l2] . The Gromov-Witten and Donaldson-Thomas theory 
of ^^-resolutions was studied in [30| l32l 133] . Once the local theories of 
A^-resolutions are matched, the method of [M] is completely formal, re- 
lying only on properties of localization and degeneration of the relevant 
moduli spaces. 

To prove the Gromov-Witten/Pairs correspondence, we take precisely 
the same path. All the required results for the Gromov-Witten capped 
vertex have already been proven. Only the parallel results for the local 
stable pairs theory of A^-resolutions over curves are required. For the 
latter, we follow, step by step, the arguments from [33l B3] . 

Stable pairs have the same formal properties (with respect to lo- 
calization and degeneration) as the Donaldson- Thomas theory of ideal 
sheaves. Moreover, the relative moduli spaces in each theory both in- 
volve the Hilbert scheme of points on a surface. Thus, there is no 
difficulty in following the arguments. Indeed, stable pairs are simpler 
to treat since the support is of pure dimension 1. 

Let us first review the basic steps in the proof of the Gromov-Witten/ 
Donaldson- Thomas correspondence, afterwards indicating which aspects 
require modification. 

• Reduction to special geometries 

In [3l|, a formal procedure is given to reduce invariants with 
primary insertions for arbitrary toric threefolds to relative in- 
variants on the threefolds 

X and A„ x for n = 1, 2 . 

The arguments in [3l] rely on the degeneration formalism, lo- 
calization for relative moduli spaces, and dimension counts - all 
of which behave the same for stable maps, ideal sheaves, and 
stable pairs. In particular, the formal procedure can be applied 
to stable pairs to reduce the correspondence to the case of these 
specific 3-folds. 

We view as Aq. For the three special geometries, the proofs 
in [131 [33| are based on the following principles. 

• Vanishing results 
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Let 0" be a holomorphic symplectic form on An fixed by a 
1-dimensional torus action on An. Let 

ToCT 

be the 2-dimensionaI subtorus which acts on the toric 3-fold 
An X and fixes the pull-back of a. 

(i) The To-equivariant theory of An x vanishes unless the 
curve class /3 is contracted over An. 

(ii) In case the curve class (3 is contracted over An, the To- 
equivariant theory of An x P^ vanishes unless the holomor- 
phic Euler characteristic x is minimal. 

• Reduction to specific computations 

Using the vanishing results (i-ii), the full theory of An x P^ is 
reduced to the calculation of specific 2-point invariants on the 
relative theory of An x P^ modulo (si + ^2)^, where Si + 82 is 
the equivariant weight of the holomorphic symplectic form a. 
For C^, the argument is given in |43]. For the argument 
is given in [531 Propositions 4.3 and 4.4]. In each case, the 
proof consists of comparing the Nakajima and fixed-point bases 
of Hilb(An,) and applying the vanishing statement along with 
certain dimension counts. Again the argument is completely 
formal since relative insertions behave in the same manner for 
stable pairs and ideal sheaves. 

• Reduction to Hilhert scheme geometry 

The last step is to prove that the specific calculations discussed 
above can be identified with 2-point invariants in the quantum 
cohomology of Hilb(y4„, d) via a basic matching result. 

Consider the moduli space of genus 0, 2-pointed stable maps 
to the Hilbert scheme of d points of An of curve class /3, 

Mo ,{0,00} (Hilb(A„,ci),/3) . 

There is an open set 

Un,d,l3 C Mo,{o,oo} {Eilh{An,d),P) 

corresponding to the locus where the domain is a simple chain 
of rational curves. 

(iii) The canonical map from Un,d,i3 to the moduli space of ideal 
sheaves of An x P^- rubber relative to 0, cx3 G P^ is an iso- 
morphism which respects the obstruction theory. 
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For any 2-point invariant, we study the contribution of virtual 
localization to any given fixed-point locus. If the locus does not 
lie in the open set of (iii), then the vanishing results imply the 
contribution is divisible by (si + 82)"^ and so is irrelevant for the 
computation. 

To complete the proof of the Gromov-Witten/Pairs correspondence, 
we follow the same 4 steps with stable pairs instead of ideal sheaves. 
Since the endpoint of the argument is given by calculating 2-point invari- 
ants on }liVo{An,d), the correspondence is independent of which sheaf 
theory we use. 

All arguments in the above outline are formal except for the vanishing 
statements and the matching with the Hilbert scheme geometry. In 
particular, it remains to establish properties (i-iii) for the stable pairs 
theory of the 3-fold A„ x 

For (i), a direct approach is obtained by constructing a trivial quotient 
of the obstruction sheaf following Section [3l Property (ii) is equivalent 
to a vanishing for the 1-leg stable pairs vertex which can be checked 
explicitly from the localization formulas of [17]. The proof is presented 
in Section [521 Property (iii) is immediate since Un,d,i3 niaps to the locus 
where the moduli of ideal sheaves is isomorphic to the moduli of stable 
pairs. □ 

5.2. 1-leg stable pairs vertex. We prove the necessary divisibility 
statement for stable pairs invariants for 

X = X . 

The first two factors of the torus T = (C*)^ act on by scaling the 
coordinates, and the last factor acts on P^ in the standard manner. 
The stable invariants take values in the equivariant cohomology ring 
Q(si, 52,53). Via localization |17], the contribution of the virtual class 
can be decomposed into vertex and edge terms associated to the moment 
polytope of X. Given a partition fi, the vertex contribution is given by 
a Laurent series 

\N^{q-Si, 82,33) e Q(si,S2,S3)((g)). 

Lemma 22. The g" coefficient ofVyj^ is divisible by si + S2 forn > 

Proof. The proof here is nearly identical to the calculation in [13] and 
[31] with a slightly different combinatorial formula. We again follow 
notation from [47]. 
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By definition, W^(g; Si, S2, S3) is a weighted sum 

si, S2, S3) = ^ wq(si, sa, S3)gl®l 
Q 

over T-invariant stable pairs Q on C'^ with limiting profile in the X3- di- 
rection given by the subscheme of defined by monomial ideal /x[a;i, 0:2] 
associated to fi. We prove the divisibility statement for each summand 
with \ Q\ > 

Such a T-invariant stable pair Q has the following description. Let 

We have a finitely generated T-invariant C[xi, X2, a;3]-module 

C[X3] ® CQCM. 
/^Fi, X2J 

Let F(ti,t2,t3) denote the Laurent series indexing the torus weights of 
Q, and let G{ti,t2) denote the same for The equivariant vertex 

contribution for Q is obtained from the Laurent polynomial 

H{tut2,h) = F--— + FFll 



1=1 



1 ^g+^^ggA 



^3 V tlh tit2 



where F = F{l/ti,l/t2,l/t-^) and similarly for G. More precisely, 
wq(si,S2,S3) is a product of linear factors associated to monomials in 
the above expression. The divisibility of the vertex contribution by 
S1 + S2 is equivalent to the negativity of the constant term in H(t, t~^, u). 

The T-weights of Q define a labelled box configuration, which can be 
described by a sequence of skew Young diagrams of the form 

Pk = iJ,\iyk 

for Young diagrams G fi satisfying inclusions 

= p_m C p^m+i ■ ■ ■ C p_i C po = Pi = ■ ■ ■ = At • 

Here, pk contains a box (a, b) G Z>q if (a, b, k) is a weight of Q. We 
have 



\Pk\ 



k= 

li \ Q\ > \p\, we must have p_i 7^ 0. 
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Let Cr{pk) denote the number of boxes (a, b) G pk for which a — b = r, 
and let dr{pk) = Cr{pk) — Cr+i{pk)- The constant term of H{t,t~^,u) is 
given by 

(81) -Co(p_i) + ^5^ idripo)'' -J2^dripk) - dripk-l))A • 

r \ k<0 J 

Since for each r, we have 

^ dripk) - dr{pk~l) = dr{po) E {-1, 0, 1} , 
fc<0 

the second term of (I5T]) is non-positive, and the entire expression is 
bounded above by — co(p-i) < 0. 

There are two cases. If co(p_i) > 0, then we are done. If not, since 
P-i ^ 0, there must be a box of p_i which minimizes |r|. If a > 6 for 
such a box, then 

Cr-l(Po) = Cr(po) 

and dr-i{po) = 0. But, 

Cr-l{p-l) < Cr{p-l) 

so dr-i{p-i) < and the second term of flHTl) is strictly negative. A 
similar logic applies if the |r|-minimal box satisfies a < b. □ 

5.3. Proof of Theorems [1] and [91 Let S* be a K3 surface with prim- 
itive effective curve class (3 e H2{S,Z) satisfying 

{/3,/3) = 2h-2. 

Following the definitions of Section [1], to establish Theorem [9l we must 
prove: 

(i) (ro(p)^) is a rational function of y. 

(ii) After the variable change — e™ = y, 

zrMP)'^)=z?(-o(pn- 

We consider both the reduced Gromov-Witten and the reduced stable 
pairs theory of the 3-fold 

X = ^ X C 

equivariant with respect to the scaling of C Properties (i) and (ii) 
above are reduced Gromov-Witten/Pairs correspondence for X with 
point insertions. 
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Let R be the rational elliptic surface considered in Section \2.2\ and 

let 

Y = RxC. 

By Theorems HE] and [20], the reduced theory of X may be calculated on 
the broken 3-fold 

The original k point conditions are distributed to two sides (the precise 
distribution will not matter). In order to prove the reduced Gromov- 
Witten/Pairs correspondence for X, we need only establish the standard 
Gromov-Witten/Pairs correspondence for the relative geometry (F, E x 
C) equivariant with respect to the scaling of C. 

Since R is deformation equivalent to a toric surface, the toric Gromov- 
Witten/Pairs correspondence implies the Gromov-Witten/Pairs corre- 
spondence for Y with primary field insertions equivariant with respect 
to the scaling of C. 

The final step is to deduce the Gromov-Witten/Pairs correspondence 
for (y, E X ^C) from the established correspondence for Y . Let 

Z = E X X C 

and let X C C Z be a fiber over P^. The degeneration 

(82) Y -w y Usxc^ 

is obtained from the deformation to the normal cone of x C C F . We 
will prove the correspondence for (F, x C) from the correspondences 
for Y and (Z, x C) via the degeneration formula. In the degeneration 
( 182|) . all point insertions are kept on Y . 

The relative geometry (Z, x C) with no point insertions is very 
simple. We are only interested in curve classes on Z which are degree 
1 over the P^ factor. The dimension of the moduli spaces on both the 
Gromov-Witten and stable pairs sides is 2. Hence, a point condition 
in the relative divisor E x C must be imposed to produce nonvanishing 
invariants (which are then nonequivariant constants). The theories of 
{Z,E X C) equivariant with respect to the scaling of C are equal to the 
corresponding nonequivariant theories of 

(83) {E xF^ X E,E X E) . 

The curve classes we are considering are degree over the last E factor. 
Since E x E is holomorphic symplectic, the reduced class constructions 
on both the Gromov-Witten and stable pairs sides lead to vanishing 
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unless the curve class is also degree over the first E factor. Finally, 
the match between the Gromov-Witten and stable pairs theory for the 
relative geometry (!83l) is a consequence of the Gromov-Witten/Pairs 
correspondence for local curves. 

We have now proven the Gromov-Witten correspondence in the rele- 
vant curve classes for two out of the three geometries in the degeneration 
fl82|) . Moreover, the calculation for {Z,E x C) indicated above yields 
invertibility of the corresponding factor in the degeneration formula in 
both Gromov-Witten and stable pairs theory. We conclude the required 
Gromov-Witten/Pairs correspondence for (Y,E x C) holds. We have 
completed the proof of Theorem [91 

By Lemma [TJ Lemma [HI and the Euler characteristic calculations of 
Kawai-Yoshioka, Theorem [1] is a consequence of Theorem [9] with no 
point insertions, see Section \0M □ 



5.4. Proof of Corollary [2l Let S{u) = We have 

g,h>0 g,h>0 



The first two equalities are by definition. The third is consequence of 
Theorem [H 

Corollary [2] is then a consequence of the following identity. 



-2 



g,h>0 
1 




2^(log(l-e^V)+log(l 



n>l 
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For the last equality, we have used the expansion 

Note also {-l)9+^B2g = \B2g\ for ^ > 1. □ 

6. Point insertions 

6.1. Overview. Our strategy for proving Theorem [3] governing point 
insertions is by degeneration. We take the K3 surface, as before, to be 
fibered 

with a section, and we take the primitive curve class to be of the form 

(3 = s + h-f. 

Fix a nonsingular elliptic fiber of vr and consider the degeneration to 
the normal cone of E, 

So = SUe{Ex pi). 

We will use the degeneration to the normal cone to reduce the in- 
tegrals of Theorem [3] to Theorem [1] and calculations in the relative 
Gromov-Witten theory oi E x F^. 

6.2. Degeneration formula. We view £" x as elliptically fibered 

vr : E X -> 

with a section (contracted over E). Let s, f G H'^{E x P-'^,Z) be the 
classes of the section and fiber respectively. Let 

Mg,r{{E X pi)/0, s + M), 'Mg^r{{E X P^)/{0, oo}, s + M) 

denote the moduli spaces of stable relative maps to the targets 

(Expi)/Eo, (Expi)/(EoUEo,). 

Here, Eq, E^o C -E x P^ are the fibers over 0, oo G P"*^. 

Since the class s + M has intersection number 1 with the fibers Eq 
and Eooi the relative conditions are given by cohomology classes on E. 
We will only require the identity and point classes 

l,w G H*{E,Z) . 

We denote the relative conditions by subscripts after the relative moduli 
space. For example, 

M,,,((ExPi)/{0,oo}, s + M),,i 
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denotes the moduli space with the relative conditions u) and 1 imposed 
over and oo respectively. 

We will use bracket notation for the relative invariants of x P^. 
The insertion E^(l) stands for the Chern polynomial of the dual of the 
Hodge bundle, 



ro(p) 



(£;xPi)/{0,oo} 



L 



(l-Ai + A2-... + (-l)%) ■evt(p). 



[M<,,,((SxPi)/{0,oo}, s+hf)„,i] 

Denote the generating function of relative invariants by 

(£;xPi)/{0,oo} 



E^(l) ro(p) 1 



oo oo 



3=0 h=Q 



{£;xPi)/{0,oo} ^ _ ^ 
1 ) 7,23-2^^-1 



The integrals of Theorem [3] may be written as 

oo oo g 

E"(l) ro(p)'^) = 5^$^(E-(l)ro(p)'=) ^«^^"V-^ 

OO OO g 

Proposition 23. We have 



E^(l)) ^o(p) 



(£;xPi)/{0,oo} 



Proof. For the degeneration of S to 5*0, there already exists a degen- 
eration formula for the reduced Gromov-Witten theory of S proven by 
Lee and Leung [231 121] @ The formula expresses the reduced invari- 
ants of 5" in terms of the reduced relative Gromov-Witten theory of the 
pair {S, E) and the standard relative Gromov-Witten theory of the pair 
{E X pi,E). 



2^ An algebraic proof can be obtained by the methods of Section 21 
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We denote the generating series of reduced relative invariants of S/ E 



by 



S/E 



oo oo 



3=0 h=0 

The degeneration formula then gives the identity 

s 



1 f^u'^~V 



84) (E^(l) ro(p)'^ 



S/E 



u q (00 



, V (£;xpi)/o 



For the first term on the right, we easily see 

S/E 

Evn ' ' 



1 ) = (E^{1] 

Using the degeneration of x to 

{E X P^) Us X pi) U ■ ■ • Ue {E X pi) , 
the second invariant on the right side of flM|) can be calculated, 



^5) 



E^rr 



^o(p)^) 



CO I E^(l) ro(p) 



{£;xpi)/o 



{ExF^)/{0,oo} 



(£;xpi)/o 



The Proposition then follows from Lemma[24]below applied to equations 
for A; > 0. □ 



Lemma 24. The following two series are trivial: 



LO 



(£;xpi)/o 



E^(l) ro(p) 



(£;xpi)/o 



u'^q 



Proof. We only calculate the first. The argument for the second is the 
same. For dimension reasons, the Hodge class insertion is {—l)^Xg. 
Consider the curve class s + M. 

• li h = 0, the invariant can be expressed in terms of the relative 
Gromov-Witten theory of P^ with an obstruction bundle term 
which is given by another (— l)^Ag insertion. Since = for 
g > 0, only the g = term survives. 

• li h > 0, we can express the invariant in terms of the rela- 
tive Gromov-Witten theory of E x E x P^, with degree (0, h, 1), 
where again the obstruction bundle associated to the degree 
direction contributes the original (— l)^Ag insertion. However, 
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since the Gromov-Witten theory of abehan surfaces is trivial for 
noncontracted curves, all such terms vanish. 

E^d)) are 



Only the g = and h = terms of the series (^oj 
nonvanishing. Direct calculation shows the nonvanishing term is 1. □ 

The next result replaces the relative invariants of ExF^ in Proposition 
with absolute invariants. 



Lemma 25. We have 



Ex] 



si 



E^(l)ro(p)^ =2{io E^(l)ro(p 



1 



(£;xpi)/{0,oo} 



Proof. We degenerate E x to two copies of x attached along 
a fiber E with the two insertions Tq{p) sent to different sides. Since 
we only consider curve classes intersecting the relative fiber once, the 
configurations in the degeneration formula are associated to the diagonal 
splittings of cohomology classes along the relative point. For parity 
reasons, we only need to consider even cohomology, so splittings must 
be of type (1, u) or [u, 1). The two configurations are clearly symmetric, 
and the second claim of Lemma [2l] yields 

E^(l)ro(p)2) =2(oj E^(l)ro(p)' 



The Lemma then follows from applying the first claim of Lemma [21] to 
the degeneration of E x along the divisor E x oo. □ 

6.3. Proof of Theorem [31 Using Corollary [2], Proposition [231 and 
Lemma [2S1 the proof of Theorem [3] is reduced to the following two 
results. 



Lemma 26. We have 

Ex 



EV(l).o(pf) =^ Y.^-Y.^{2.Hdul2)) 



m=l d\m 



Proof. Fix the genus g and the curve class s + h ■ f. The Hodge class is 
determined by dimension constraints to be (— l)^~^Ag_i. 

We degenerate E to two rational curves Pi and P2 intersecting each 
other at and 00 with the two ro(p) insertions sent to different compo- 
nents. The distribution of curve degree to Pi x and P2 x P^ is either 
of the form 

(/i, 1) + (/i, 0) or (/i,0) + 
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We consider the first degree distribution, since the second case will yield 
the same answer. 

In the degeneration formula, components of the domain map to Pi xP^ 
or P2 xF^. While the curve has a connected domain, the preimages Ci 
and C2 of the irreducible components of the target can each be dis- 
connected. Let r denote the dual graph with vertices given by the 
connected components of Ci and C2 and edges determined by the inter- 
sections. Each vertex of F is forced to have valence at least two since, 
for degree reasons, the corresponding subcurve must intersect both rel- 
ative divisors. The Hodge class Ag_i vanishes on the boundary cycles 
of Mg for which the dual graph F has Betti number at least 2, see |12] . 
As a result, the graph F must be a single cycle with vertices alternating 
between Pi x and P2 x P\ 

There must exist a divisor d of h with the following property: each 
connected component of each Ci intersects the relative divisors at 
and 00 at single points of multiplicity d. Each Ci then consists of ^ 
connected components. Let Cq denote the connected component of 
Ci which has degree {d,l). Every other component has degree {d,0). 
Dimension constraints force Co to contain one of the point insertions. 
There are h/d choices for which connected component of C2 contains 
the other point insertion. 

We first consider the connected components C other than Cq. If such 
a component has genus g', the Hodge class Xg-i will restrict to \g' on 
C. The contributions are given by the following evaluations: 



Here, the relative divisors have coordinates and 00 on the first P^ 
factor. The classes 1,0; G if^(P^,Z) correspond to the identity and 
the point. The higher genus vanishings are obtained, as before, from 
A^/ =0. In order to get a nontrivial invariant, the components C must 
have genus 0. Hence, Cq must have genus g — I- 

We are left with the evaluation of the connected component Cq map- 
ping to P^ X P^ with degree {d,l). The result then follows from Lemma 




EH below. 



□ 
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Lemma 27. We have 



oo 

E 

9=0 



id,Lo) (-l)%ro(p) {d,u 



(pixPi)/{0,oo} 



u 



23-2 



-S{du) 



where 



Siu) 



sin(n/2) 
u/2 



Proof. We replace (— l)^Ag with E^(s) with a formal variable s. We can 
remove the ro(p) insertion by the identity 



ro(p) 



{d,uj) 



{d,uj) 



{d,i) 



The tilde on the right side denotes the rubber moduli space of maps to 
pi ^ pi ];giative to and oo up to C*-scaling of the first factor of 
the target. The identity follows by adding an insertion with the divisor 
equation and then using the marking to rigidify the C*-scaling. 

Let us orient x P^ so the first factor is a horizontal coordinate 
and the second factor is vertical. Then the relative divisors are on 
the left and right and the C*-scaling acts horizontally. While there is 
no nontrivial horizontal torus action, there is a nontrivial C*-action in 
the vertical direction. We fix the vertical C*-action to have weight t 
for the normal direction along the upper edge and weight —t for the 
normal direction along the lower edge. We choose equivariant lifts of 
the relative point insertions on each side corresponding to the upper 
fixed point on each vertical edge. 




Figure 2. Rubber localization 

If we localize, the C*-fixed stable maps have the following structured 
First, there is an arbitrary curve Di mapping with degree d to the 



24^ 



The analysis follows the localizatfon calculatfon of 
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upper horizontal P^, relative to both and oo, with a single relative 
point of multiplicity d. There is an arbitrary curve D2 mapping with 
degree to the lower horizontal with no relative points. There is a 
single nonsingular rational curve mapping to P^ x P^ with degree (0, 1), 
connecting Di and D2. We may use the latter rational curve to rigidify 
the C*-scaling. The fixed-point contribution is 



91+92=9 



{d,l) 



E 



91' 



Kit) 



evt(p) 



t{-t) 



92^ 



(d.r 



-t) 



PV{0,oo} 
9i,d 

evl(p) 



PV{0,oo} 
92,0 



Here, the first factor of comes from the relative insertions and the 
intermediate term ^^3^ comes from the P^ connecting Di and 1^2 • The 
point insertion in the first relative invariant comes from rigidifying the 
point where Di meets the connecting P^. 

To simplify this expression, we choose the substitution s = 1 and 
t = — 1 so we can apply the Mumford relation 



\9l 



The result is 

-i)'((<i,i) T^,M {dX 



91+92=9 



PV{0,oo} 
91 4 



M 



92.1 



E^(1)E^(1)E^(0) 
l-V'i 



The 1-pointed relative invariants of P^ are given in |10] 

pV{o,oo} 1 s{duf 



9,d 



S{u) 



and the triple Hodge integrals for Mg^i are given in [I2] as 

f E-'(l)E"(l)E-(0) 1 



9 



-l)V 



1-^1 



Putting everything together completes the proof. 



□ 



7. QUASIMODULAR FORMS 

7.1. Overview. We follow the notation of Section 10.61 Let S be an 
elliptically fibered i^S surface, and let 



7i,...,7, Gif*(^,Z) 
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be cohomology classes. Our main result here, Theorem HJ states the 
descendent series 

FfK(7i)---rfc,(7r)) 
is a quasimodular form with simple pole at g = 0. The ring 

qMod = Q[E,{q),E,{q),Ee{q)] 

of holomorphic quasimodular forms (of level 1) is the Q-algebra gen- 
erated by Eisenstein series E2k, see [5]. The ring QMod is naturally 
graded by weight (where E2k has weight 2k) and inherits an increasing 
filtration 

QMod<2fc C QMod 

given by forms of weight < 2k. More precisely, we will prove the de- 
scendent series are of the form 

Fg (rfci(7i) ■ ■ ■ Uv(7r)) e ^QMod<23+2. • 

Our results follow from an explicit (though difficult) algorithm for 
calculating descendent series which reduces the claims to the case of 
g = and the Gromov-Witten theory of elliptic curves. 

7.2. Elliptic curves. We begin by explaining the quasimodular ity state- 
ment for elliptic curves E. Given cohomology classes 

7i,...,7, ei/*(E,z), 

consider the following descendent series for connected Gromov-Witten 
invariants of E, 

Ff (rfe,(7i) ■ --rM) = E {^'^^^'^ " ' ' ^'^^^^^^))'', 

d>0 ^' 

Proposition 28. For r > 0, F^(rfci (71) ■ ■ ■ rfc^(7r)) is the Fourier ex- 
pansion in q of a holomorphic quasimodular form of weight 

r 

2(7-2 + 25^deg(7,). 

1=1 

We use deg(7i) here to denote half the cohomological degree. For 
instance, point classes in H^{E, Z) are degree 1. The r = case concerns 
the well-known counting of genus 1 covers of E. The resulting series is 
not in QMod. 
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Proof. When all the 7^ are point classes in H'^{E, Z), the result is stated 
as a corollary of Theorem 5 in [39]. For the general case, we need only 
check that quasimodularity is preserved by the extended Virasoro rela- 
tions for curves proved in [41] which provide rules for removing insertions 

7.3. Tautological classes. We will rephrase Theorem H] in terms of 
tautological classes. For 2g — 2 + r > 0, let 

denote the subring of tautological cohomology classes. The tautological 
ring R{Mg^r) is spanned by the push-forwards of products of ^/'-classes 
on boundary strata, see [H] for an introduction. 

Given a G R{Mg^r) and 71, . . . , 7r G H*{S, Z), we can use the forgetful 
morphism 

to define the reduced invariant 



(7r*(a),7i,--- ,7^) = /_ 7r*(a) u]Tev*(7i 

when 2g - 2 + r > 0. Let 



s 



(86) Ff(a;7i,...,7,) = 5^(vr*(a),7zi, . ,^ 

^ ^ — ' \ / n.h 

h=0 " 



be the associated generating function. The index h of the sum stands 
for a primitive effective curve class /3 G H'^{S,Z) satisfying 

{/3,/3) = 2h-2. 

Proposition 29. We have 

1 



Fg (a; 71, ... , 7r) G — --QMod 



The splitting formula for standard Gromov-Witten theory takes a 
slightly modified form for the reduced Gromov-Witten theory of K3 
surfaces. Given a reducible boundary divisor 

i : Mg^^n + l X Mg^^r2 + l Mg^r, 
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let A denote the pushforward of the fundamental class of the left side. 
The splitting formula for reduced classes is 

Similarly, for the irreducible boundary divisor given by 
we have 

7r*(A) n [MgAS,P)Y"'' = [Mg-l,r+2iS,P)Y'''. 
See [231 121] for proofs (again the methods of Section |4] could also be 
used) . 

Using the usual trading of cotangent line classes on Mg^r{S, (3) and 
the above splitting formulas for the reduced class, we can easily express 
the descendent series 

F^K(7i)---r.(x)) 
in terms of linear combinations of the series 

F^,(a';7;,...,7;,) 

where g' < g or g' = g and r' < r. Hence, Proposition |29] implies 
Theorem HI 

7.4. Proof of Proposition 1291 We proceed by induction on the pair 
{g,r) where g is the genus of the domain curve and r is the number of 
insertions. We order such pairs {g,r) so {g',r') < {g,r) if either 

• g' < g or 

• g' = g and r' < r. 

We assume the Proposition is known for all series with {g',r') < {g,r). 
We will give a procedure for reducing all invariants of type {g,r) to 
invariants of lower type in a manner preserving quasimodularity. 

Base case: {g,r) = (0,r < 2). 

If {g,r) = (0,0), then the Proposition follows from the Yau-Zaslow 
formula. If g = and r < 2, we are in the unstable range 2g — 2 + r < 0, 
so no a insertion appears. Then, for dimension reasons, there must be 
an insertion of the form 



ro(l),ri(l) or ro(7). 
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where 7 G H'^{S, Z). Since the claim of the Proposition is preserved by 
applying either the string, dilaton or divisor equation, we can remove 
one insertion and strictly reduce r. 

Case (i): deg7/^ < 1 for all i. 

We again use deg(7) to denote half the cohomological degree of 7. 
In case (i), there are no point insertions. Since the reduced virtual 
dimension is g + r, the dimension constraint then implies 

deg a> g. 

By a strong form of Getzler-Ionel vanishing proved in Proposition 2 
of [13], there exists a tautological class a' G R{dMg^r) satisfying 

L^a' = a, 

where l denote the inclusion of the boundary. 

Using a' and the splitting formula for the virtual class, we can express 
the series 

Fg(a;7i, • • • ,7r) 
as a linear combination of series of type {g',r') < {g,r). 

Case (ii): 71 = p G H\S,Z). 

We will degenerate S to the normal cone of an elliptic fiber E, 
(87) S ^ Sxe{Ex¥^) , 

and use the degeneration formula for the reduced virtual class proven 
by Lee and Leung [231 121] • Following the notation of Section |6l the 
required generating series are: 

/ g,h 



Ff ^(a; 71, . . . , 7,) = ^ (^7T*a U J] ro(7^ 

h=0 

00 

Ff ^^'^^^/V; 71, . . . , 7.) = E (^*" U n ro(7. 



to) q^. 

h=0 

The Gromov-Witten invariants for S/E are reduced. The first step is 
to prove a quasimodularity result for the latter series. 

Lemma 30. Fg^^^ ^^^{ci] 7i, • • • , 7r) £ QMod<2g+2r- 
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Proof. The relative invariants of {E x F^)/E are algorithmically deter- 
mined from the Gromov-Witten theory of E using locahzation (via the 
C*-action on P^) and the absolute/relative correspondence of [35]. The 
result is a combinatorial expression for the series 

Ff^^^)/^(a;7i,...,7.) 

in terms of descendent series for E. 

Each insertion in a descendent series for E contributes to the weight of 
the final answer by Proposition [281 The bound of 2g + 2r is obtained by 
an elementary analysis of the possible C*-fixed point loci of the moduli 
space Mg^r [E xF^,s + hf). □ 

Lemma 31. For {g',r') < {g,r) and insertions 
we have 

7i, • • • , 7r') e ^^QMod<2g,+2r-'- 

Proof. The result follow from the degeneration formula and the induc- 
tive hypothesis. The degeneration formula of Lee and Leung applied to 
(1871) yields 

Ff,(a';7;,...,7:0 = F^^/^(a'; 7^, • • • , 7.') 

{g",r")<{g',r') 

The second sum is also over all distribution of insertions (both a' and 
the 7j'). We conclude the relative series f^^^ can be expressed in terms 
of the absolute series F*^ by a change of basis which is upper-triangular 
with respect to the ordering on pairs bounded by {g', r'). Moreover, the 
coefficients of the change of basis are given by the series F*^^^"^ ^Z^. The 
Lemma then follows from Lemma [30] and the inductive hypothesis on 
F^. □ 

We now complete the analysis of Case (ii) by explaining a genus reduc- 
tion procedure dependent upon the insertion ro(p). We use the formula 
of Lee and Leung applied to the degeneration flHTj) . The insertion ro(p) 
is specialized to lie on the bubble E' x P^, and the remaining insertions 
are specialized arbitrarily. We obtain 

(88) Ff(a;p,7.,...,7.)= E fJ/ V, " " " )-Fif ^"^^^ V; P, " " " )■ 

{g' y)<{9,r) 
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Again, we have suppressed the summation over the sphtting of the tau- 
tological class a and distribution of the insertions. 

Since the relative invariants on E x occurring in (188|) have both 
relative and absolute point insertions, the domain genus must be pos- 
itive. So g" > and g' < g. By Lemmas [30] and [3T], every nonzero 
term on the right side of flHHl) is quasimodular. Therefore, the left side 
is quasimodular of the desired form. □ 



7.5. Non-primitive classes. Let S be an elliptically fibered K3 sur- 
face with section. Let 

s,feH2{S, Z) 

denote the section and fiber classes as before. A natural descendent 
potential function for the reduced theory of K3 surfaces is defined by 

oo , 
/ \ rcQ 

\ / g,ms+nt 

71=0 

ioT g > and m > 1. The following conjectur^ specializes to Theorem 
4 in the primitive (m = 1) case. 

Conjecture. F^„.^ (r^^ (7; J ■ ■ ■Tk^i'Ji^)) is the Fourier expansion in q of 
a quasimodular form of level m? with pole at q = of order at most m? . 



By the ring of quasimodular forms of level m? with possible poles at 
g = 0, we mean the algebra generated by the Eisenstein series £-2 over 
the ring of modular forms of level m?. 

Appendix A. Reduced theories revisited 

A.L Reduced obstruction theories. Given a perfect obstruction 
theory for a scheme P, together with a surjection 

(89) Ob ^ Cp , 

we will attempt now to produce a reduced obstruction theory. 

For our discussion, we assume the obstruction theory of P arises from 
the following standard model (which always holds locally). Let 

P C A 



'The conjecture was made earlier by two of us in [?S]. 
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be an embedding of P in a nonsingular ambient space A, cut out as the 
zero locus of a section s of a vector bundle E A. In other words, 

s: E^ Oa 

generates the ideal / C Oa defining P (Z A. We obtain 

E^\p 17/1 1 p ^ 



where the lower row is the exact sequence of Kahler differentials for 
P G A. The first horizontal arrow is the composition ds of the other 
arrows in the first square. We denote the resulting 2-term complex of 
locally free sheaves on P by 

E' = {E-^ ^ E^} . 

Since {I / P A I^aIp} is quasi-isomorphic to the truncated cotangent 
complex Lp of P, we obtain a morphism of complexes 

E' E-'^^E^ 

Lp I/P^^QaIp, 

which is surjective on and an isomorphism on h^. We have con- 
structed a perfect obstructior|^ theory for P with obstruction sheaf Ob 
defined to be the cokernel of the dual map 

TP V TP 

where Ei denotes the dual of E~^. 

The surjection (!89|) yields a surjection Ei — ?• O-p whose locally free 
kernel we denote by Pi, 

(90) ^ Pi ^ Pi ^ ^ 0. 

The map Pq — )■ Pi factors through Pi. After dualizing, we obtain the 
complex 

(91) P* = {P-^ P°}. 

We would like to know when P* gives a (smaller) obstruction theory for 
P. 



^^Of course, a different choice of {E, s) generating tlie same / C Oa gives a 
different obstruction theory for P, with a potentially different obstruction sheaf. 
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A simple example is given by considering the scheme 

p = p„ = SpecC[x]/(x"), n>2, 

cut out of the ambient space A = C hj the section s = (x'",0) of the 
trivial rank 2 bundle E. Since 

Eo^Ei is Op- -^Of , 

we find 

(92) Ob = Op,^_, © Op 

is the direct sum of the structure sheaf of P„_i C P and the structure 
sheaf of P. The second summand is locally free so we have a surjection 

/ X (0,1) 

(93) Ob Or . 

Here, replacing Ei by Fi amounts to removing the second summand of 
the original trivial rank 2 bundle E and working in the first summand. 
Since the section s lies in the first summand, the result is another ob- 
struction theory for P. 

A. 2. Questions. The Kiem-Li construction of the reduced class, the 
powerful T^-lifting result of [H Proposition G.isj^and the simple exam- 
ple discussed in Section lATTl suggest the following very natural question. 

(Ql) Given a perfect obstruction theory whose obstruction sheaf ad- 
mits a locally free quotient, can the quotient be removed to leave 
another perfect obstruction theory ? 

Since the problem is local we restrict ourselves to the standard model 
of Section lA.ll for the obstruction theory of P, restricted to the case 
where the locally free quotient is trivial of rank one fl89|l . We then ask 
if the obstruction theory E' hp factors through the complex F' of 

Dualizing the surjection Ei ^ Op obtained from ( 189|) . yields a sub- 
sheaf 

^ Op ^ E~\ 



^'''Given a thickening Sq CZ S with square-zero ideal /, Buchweitz-Flenner show 
the obstructions to extending a map 

fo-.So^P to f:S^P 

lie in the kernel of any surjection Ob Op so long as the Kodaira-Spencer class of 
the thickening lies in Ext^{nsa,I)- By [H Theorem 4.5], Question 1 is equivalent to 
asking whether their result extends to thickenings in the larger group Ext^{L,So, I)- 
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Then, question (Ql) specializes as follows. 

(Ql') Does the composition Op — > I /P always vanish? 

In general, the answer to (Ql') is no. In the example of Section lA.il if 
we replace the surjection fl93|) by (x, 1), then the resulting composition 

Op E-^ Ijl^ 

sends 1 to x""*"^, nonzero in J/J^ even for n = 2. 

So we consider a weaker question. Given a splitting of the sequence 
( l90l) . we write 

E~^ = F~^®Op 
after dualizing. We consider the diagram 

(94) F-i © Op £0 

S={SI,S2) 

I/P '-^^aIp 

and ask instead whether si is surjective. 

(Q2) Is the first component 

si : F-^ I/I^ 
of the arrow s in surjective ? 

An affirmative answer to (Ql) implies an affirmative answer to (Q2), 
so (Q2) is weaker. However, an affirmative answer to (Q2) leads to 
a reduced obstruction theory (at least locally). We can also further 
weaken the questions. 

(Q3) Is the answer to Questions 1' or 2 positive if the obstruction 
theory E' is symmetric [3], [2] ? 

While (Q2) does hold for the example of Section lA.ll the following 
example shows the answer to both (Q2) and (Q3) is negative in general. 

A. 3. Counterexample I. Let / be a polynomial in xi and X2 which is 
not homogeneous with respect to any grading of Xi and X2- For example, 

f = xl + X1X2 + xl . 
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We view / as polynomial in the ring C[xi, X2, t] which does not depend 
on t. Define P (Z A = Spec(C[xi, X2, t]) by the vanishing of the 1-form 

df df 
a = df + fdt = — — dxi + — — dx2 + fdt . 
ox I 0x2 

In other words, P is defined by the ideal 

OX I 0X2 

Since / is has no t dependence, da = df A dt vanishes on P (as df lies 
in the ideal I). Hence, a is almost closed in the terminology of [2], and 
the resulting obstruction theory 

E' = {TA\p^nA\p} 

is symmetric. 

The scheme P is cut out by the sectioE@ s = {fxi-, fx2i f) of the trivial 
rank 3 vector bundle on A. The induced map Eq — )■ Ei is 

fxixi fx2Xl ftxi \ / fxixi fx2Xl 

fxiX2 fx2X2 ftX2 I ~ I fxiX2 fx2X2 ^ I ' ^ ^ 



P y 



fx, fx2 ft \ 



since all functions are t-independent and the partial derivatives of / 
vanish on P by definition. The symmetry of the matrix refiects the fact 
that the obstruction theory is symmetric. 

The third summand of Ei = Op^ is also a summand of the obstruction 
sheaf Ob, so Questions 2 and 3 ask whether si is surjective. But 

s^■.Of^I/I^ is = 

and the element [/] G I/P is not in the image of this map precisely 
because / is not quasihomogeneous [5T] . 



A. 4. Critical locus condition. An a priori stronger condition than 
having a symmetric obstruction theory is that P G A should be the 
critical locus Crit(</)) of a holomorphic function (p on A, with the induced 
obstruction theory 

E- = {TAlp^nMp}. 
The symmetry of the Hessian of (f) implies that E' is indeed symmetric. 



28- 



We use the notation /^^ for df/dx. 
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(Q4) Is the answer to Questions 1' or 2 positive if there exists a holo- 
morphic function (p on A for which 

P = Crit(0) C A 

with the induced symmetric obstruction theory ? 

We will prove that the answer to (Q4) is yes when the surjection 
Ob — )■ Op (coming from a vector field on P as in fl2B]) ) is the restriction 
of a vector field on A along which the holomorphic function is constant. 
In our applications, A and P are products with C and the vector field 
is dt pulled back from C. By averaging (p over the action of 5*^ on C, 
we can assume is C-invariant. 

Proposition 32. Let (p be a holomorphic function on A, and let v be a 

vector field on A satisfying v{(j)) = 0. Suppose v does not vanish on 

P = Crit(0) C A , 

and let Ob Op be the induced surjection (126|) . Then, the composition 

Op E^^ I/P 

is zero. Therefore {F~^ — E^} defines a reduced perfect obstruction 
theory for P. 

Proof. The map Op ^ E~^ = Ta\p is defined by the section v of the 
tangent bundle. The map E^^ I/P takes v to 

mv)] e I /I' . 

But, d(j){v) = v{(f)) = 0. □ 

The moduli space V/B, obtained from families of nonsingular K3 
surfaces, is the (relative) critical locus of a holomorphic function, so we 
can use Proposition [32] to produce a reduced obstruction theory. 

Theorem 33. The perfect obstruction theory E' — t- l^p/p of ( |T71) fac- 
tors through F' . The reduced class of Section \3.6\ is really a virtual cycle 
for the obstruction theory F' . 

The only missing step in the proof of Theorem [33] is the expression 
of the moduli space V ^ B locally as Crit(</)) for a C-invariant holo- 
morphic function (p. There are two approaches to the question: via 
the methods of Joyce-Song [16] or via the announced work of Behrend- 
Getzler. Since we do not need Theorem [33], we omit the discussion 
here. 
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A. 5. Counterexample II. The following non-existence result is a sim- 
ple consequence of Proposition [321 

Corollary 34. The scheme P G cannot be written as Crit(0) for 
any holomorphic function on . 

Proof. Assume such a exists. By averaging over the action of on 
the third C factor of C^, we may assume (p is t-invariant. Then, P 
inherits a symmetric obstruction theory for which, by Proposition [32l 
the composition Op —> E' I /P is zero. 

We showed in Section IA.3I that the composition is nonzero for the 
symmetric obstruction theory described there. Moreover, the same is 
true for any other symmetric obstruction theory. If the composition 
were zero, then E^^/Op — I/P would be onto, so I/P would have 
rank at most two. But I/P has rank three at closed points. □ 

Behrend and Fantechi [2], [3] have asked whether any scheme with 
a symmetric obstruction theory admits a local description as Crit(0). 
With more work, we can strengthen Corollary [34] to show the same 
geometry provides a counterexample. 

Proposition 35. The scheme P G with the symmetric obstruction 
theory constructed in Section \A.3\ can not be written locally analytically 
as Crit(0) for any holomorphic function cf) on a nonsingular variety. 

Proof. For simplicity, we take / G C[xi,X2] in construction of Section 
IA.3l to have a singularity only at the origin. Then, P = Q x C where Q 
is a fat point in the plane. Let G P be the origin in C^. 

Suppose P is locally near p given by Crit(</)) for some holomorphic 
function on a nonsingular analytic variety A. Let A C C be a suffi- 
ciently small disk at the origin. After shrinking we can take A to be of 
the form B x A, where B is nonsingular, and 

Q X A C 5 X A 

is given by an embedding Q G B. 

The circle acts on A by rotation. By averaging over the 5'^-action, 
we may assume 

: 5 X A ^ C 

is 5'^-invariant and thus (by holomorphicity) independent of the coor- 
dinate on A. 

Next we show B can be cut down to two dimensions. Since Q is 
planar, we can assume B (after shrinking if necessary) has a product 
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structure 

B = C X D 
with C nonsingular of dimension 2 and 

QcCx {do} cCxD = B. 

Now D{d(j))\o is injective on Td^D because T^qD is a complement to its 
kernel TqC. Since D{d(f))\o is symmetric, its image is in the annihilator 
of kei D{d(j))\o, which is floldo- Thus the composition 

D(d<l)) 

on Q is injective at d^. It is therefore an isomorphism at do, so by 
openness is an isomorphism on Q. 

Quotienting by the acyclic complex Td\q — J- ^d\q "we find that 

D{d4)) D{d(f>\c) 

Tb I Q ^ I Q IS quasi-isomorphic to Tc\q ^ "c I Q • 

Therefore, the latter provides the same perfect symmetric obstruction 
theory for Q. We have replaced Q = Crit(0) C B with 

Q = Crit(0|c) C C, 

with C nonsingular and 2 dimensional. 

Multiplying everything by C and pulling back (j)\c gives a C- invariant 
function on C x C for which P = Q x C = Grit (■?/'). But by Corollary 
34 (applied to C x C in place of x C) , the conclusion is impossible. □ 



Appendix B. Boundary expressions by A. Pixton 

Let /9 be a primitive effective class with self-intersection 2/i — 2 on a 
surface 5". We will compute here the Hodge integrals 



Rg,h = Rg,l3 = _ ( — l)^Ag 

J[AIg{S,l3)Y'"^ 

for 5^ < 3 via the boundary geometry of the moduli space of curves. 
The results provide an alternate verification of the Katz-Klemm-Vafa 
conjecture in low genus. 

For convenience, we scale the Eisenstein series to 
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By the proof of Corollary 2, we can rewrite the KKV conjecture as 

g>0 h>0 \g>l 

Our approach has two steps. First, we write as a linear combination 
of boundary strata of Mg. This allows us to replace the Hodge integral 
with a linear combination of descendent integrals, which can be reduced 
for g < 3 to the purely stationary descendent integrals 

_ ^fci(p)---T-fc„(p). 

Second, these integrals can be evaluated in terms of products of Gromov- 
Witten invariants of elliptic curves and the Yau-Zaslow formula. 

Define quasimodular forms Tk in terms of the Gromov-Witten invari- 
ants of an elliptic curve E by 

i,j>o ^- d>o AM,,2iE,dmr^ 

2i+j<k 

By the degeneration formula of [23], standard localization arguments 
and the Yau-Zaslow formula, we find 



h>0 Vl^^f^, 



A(g) 

Formula (p5l) in the case ki = ■ ■ ■ = kn = was proven by Bryan and 
Leung [6]. 

Faber and Pandharipande [12] describe how to replace Hodge inser- 
tions Xj with descendent insertions, and the work of Okounkov and 



Pandharipande in [39], [IQ], [H] completely determines the descendent 
Gromov-Witten theory of target curves. Thus, the quasimodular forms 
Tk can be explicitly computed. We list the first two, expressed in terms 
of our scaled Eisenstein series C2m- 

■ = -2Cl + IOC4 , 

- ^^4] = -^-Cl + I6C2C4 - 7C6 . 



To 


d 


^ dq 




d 


Ti 


dq 
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We will also need the following formulas for the action of the differ- 
ential operator q-^ on quasimodular forms: 

-2C| + IOC4 , 

-8C2C4 + 21Ce , 

— I2C2CQ H ^^4: ' 

. 24C2 





dq 




q—a 

dq 




dq 


d , 




dq ' 


VA(g)) 



A(g) 



Since the g = Q and n = case of (p5!) is the Yau-Zaslow formula, we 
have 



0,fe 



The case g = 1 is more involved. We want to rewrite Ai in terms of 
Q-classes of boundary strata on a moduli space of curves. However, Mi 
is not stable, so we add a marked point. By the divisor equation. 



[_ i-l)'X,= [_ (-l)^Aievt(/3-), 



where ■ /3 = 1. 

Now, let 60 G H'^{M i^i) denote the Q-class [Aq], where Aq is the 
boundary locus of genus curves with one node (and one marked point), 
which is just a single point. Since 

Ai = ^60 , 

we can remove the Ai insertion, restrict to maps from Aq, and resolve 
the node to obtain 

(-l)iAievt(/3^) = 

[Afi,i(5,/3)]'-<=<i 

1 1 

~ 12 ' 2 



evt(/3^)(ev2Xev3)*(D), 

[Afo,3(5,/3)]-<i 



where D G H'^{S x S) is the Poincare dual of the diagonal embedding 
of S* in 5 X S. The extra factor of \ appears because there are two 
different ways of labeling the two new marked points. If we choose a 
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basis 

70 = l,7l, ... ,722 e H'^iS), 'J23 = P 

for the cohomology of the K3 surface S, with dual basis {7^^}, then 

23 
i=0 

Now, the genus zero invariants involving pull-backs of 723 = p all vanish 
for reasons of dimension. Therefore, we only have the terms 



1 ^ 



i=l -'[Afo,3(5,/3)]-d 

Applying the divisor equation again yields 

22 



evt(/3^)ev;(7.)ev*(7r 



i=l J[Mo,o(5,/3)]-<i 



The integral on the right is simply -Ro,/i, so 



12 'A{q) 



12^dq \A{q) 
A(g) 



as predicted by the KKV conjecture. 

In genus 2, we can write A2 in terms of boundary classes on M2. 
The relevant boundary strata are Aqo, the generic element of which is 
a genus curve with 2 nodes, and Aqi, where the generic element is 
a genus curve with 1 node intersecting a smooth genus 1 curve in a 
single point. The corresponding Q-classes are (5oo,5oi ^ H^{M2)- The 
relation 

A2 = Y^('^oo + ^Ol) 

is well-known, see [381 Section 8]. 

Again, we can replace A2 by the classes 600 and 5oi and then remove 
these classes by restricting to maps from curves in the corresponding 
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boundary loci. After resolving the singularities of the source curves, we 
find 

R2,h= [ (-1)'A2 



[M2(S,/3)]'^<=d 

1 1 

120 ' 8 
1 1 



/_ (eviXev2)*(D)(ev3Xev4)*(D) 

J[A/o,4(5,/3)]-<i 

(evi X ev2)*(D)(ev3 x ev4)*(D). 



120 2 J[A/i_i(5,/3)]-dx[Afo,3(5,0)]™ 

In the second term, the curve class P cannot split nontrivially be- 
tween the two irreducible components because /3 is primitive. One of 
the two components must be contracted to a point. In fact, only the 
rational component may be contracted because the moduli space Mo,3 
has dimension 0. 

We now compute the two terms of R2,h- The first term is completely 
analogous to the calculation in genus 1. We obtain 

^ ^ (evi X ev2)*(D)(ev3 X ev4)*(D) 



120 8 i[A/o_4(s,/3)]'^<=d 

960^ ^ ^A{q) 

For the second term we have Mo,3(5', 0) = S and 

(ev3Xev4)*(D) = 24p , 

so the integral reduces to 

1 



10 ■/[Afi,i(S',/3)]'-<=d 



ev*(p) 



Using (l95l) . we find 



10^^ ^ A(g) 

Adding the two terms of R2^h yields 

D _ r>-ii2C| + 2C4 
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which agrees with the KKV conjecture. 

The genus 3 case is significantly more comphcated. To start with, 
the tautological cohomology space containing A3 on M3 has rank 10. A 
basis has been found by Faber in [10]: 9 of the 10 generators can be 
chosen to be Q-classes corresponding to boundary strata (a), (6), ... , (i) 
depicted in Figure 6 of [10]. For the last generator, we let [(j)](Q be the 
Q-class corresponding to a genus curve with 1 node intersecting a 
smooth genus 2 curve at a point, with a cotangent line class at the 
intersection point. Then, we can write 



Through arguments similar to those used in the genus 2 calculation, 
we can show that the integrals of all of these classes vanish except for 
those of [(a)](Q, [('i)]^, [(e)]Q, and [(j)]^. Since [(e)]Q does not appear in 
the above formula for A3, we need to calculate only three integrals. 

First, the class [(a)]Q can be handled analogously to Sqq in the genus 
2 case, since (a) is just the locus of genus curves with 3 nodes. We 
calculate: 




+ 2[(^7)]q + 2[(j)]q), 



see [H]. 




1760C3 + 24OOC2C4 + 840Cf 



6 



78 MAULIK, PANDHARIPANDE, THOMAS, PIXTON 

The class [(c?)]q is similarly obtained by adding a node to the genus 
2 case 6oi, so we can compute 



[M3,o(S',/3)]-d 

1 



_ (evi X ev2)*(D)(ev3 x id)*(D)(id x id)*(D) 

] ■ 2A{2h -2) [ ro(p) 



[A/i,i(5,/3)]-d 



r>"iil2a- ( ^ 

. . -d 



f^_^ -480C| + I44OC2C4 + 2520C6 



A(g) 

Finally, we calculate the integral of the ■j/'-class [(j)]Q: 

/_ = 1 [_ ^i(evi X id)*(D)(id X id)*(D) 

^ ■ 24 / n(p) 



[M2,i(S,/3)]'-«d 



A(g) 



-32C| + I92C2C4 - 84C6 



A(g) 



We now use the boundary formula for A3 and the above three calcu- 
lations to obtain 



i,h — _ 



3,h — l_ ^3 

[M3,o(5,/3)]-d 



■[q'"~^]-r^(-{1760Cl + 24OOC2C4 + 840C6 



504'^ A(g)V2 



3 

To 



— (-480C| + 144OC2C4 + 2520^6 



+ 2(-32C| + I92C2C4 - 84^6 
+ 4C2C4 + 2Q 



A(g) 

as predicted by the KKV conjecture. 
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In higher genus, the boundary expressions for will likely lead to 
nonstationary descendent invariants of K3 surfaces. Using Theorem 4, 
the calculations can be, in principle, continued. An interesting question 
is how the KKV conjecture, proven in Theorem 1, constrains the possible 
boundary expressions for A^. 
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